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• . Chapt'er 1? ' ' •• , 

^ . * COORDINAOte^ECMETro '■ . ,' . ; ^ 

17-1. Slope of a Lirae • . « ' ' • • ' ^ • '■ 

■ .-^ ---^ . . 5& ■ V ■ ' - 

.In this section we shall take another look' at, th^ line as a subset of 
-the coordinate plane, vith'^pecial' consideration 6f its directi^On-. V/e have 
seen that every pair of distinct' points detertnines a /ine. NoT^we shalA 
consider another way of locating a line ^ by knowing one point -on the liTie 
and theHirefrtioh -oAthe line. . ' • . 

\- ■. ■■ ■ . 

\. • Exercises 17-la /. ' ., 

• ' .(Class Discussion) ■ 



1. On a sheet of-graph paper, ^.drav one set *of coordinate axes. "Draw and 

• -la^ei "the graphs of the following equations: ' 

(a) - y = ^^x , ^ ^ (f) . y 1 5, .■ >. 



(c)* y = - k\ ■• (h) "y =' -:| X. 

■ \ ■ ■ ■ • . • ■ 

^"^^ '^ lA'^'- . ■ (i) y = - X 

y. ^2x . . - ^ ;^ -.^ ■ ' ^ (-j) y> r 2-x 



• V 



2, . Veri't> your drawing by qomparing it with the page of grej^ on -page , 12 
.-^t the end^f this secti%.'.. Then answer, the TQllowirf^SeTtixms-—^ 
about, the lin-es and thei inequations. ' ^ l 

(.a). What point is on all 'of the lines? • • 

^P^ ^ich equatiMs have graphs that rise from 'left to -right*? ^ 
. (c) FOr the ^q^tions h^ing graphs that: rise f rom le ft* to Vicht 

..■^is t*he coefficient dp x' (the number, by 'w^ich x is. mul't iplied) ■ 
. ''a positive or a nega1:lv^^nu^ '"^ ; . • X 

(d) For t'he equa-t^ions in 'w^^ich the :'?oef.f ic ient of \x . is p«sit-ive, ^ 
whaj r^.lation'do^yoiS^bse-rve betweeS the value Qf the^coef^icieFi;t '"^ 
anpTl^die'sree^oesG .of tVJfe"^Line'? ' ^ ' ' ■ ^ 



O ' I: 



fe)"'^'What facts do you observe, about the graphs of eqiaations in which 
• the coefficient of x is negative? 

(f) ^ Note that each equation in Exercise 1 is in the form y = .liix • - 

vhfere ra is a real . number. Write the equation of the x-axis 
jn. this^form. • ' . 

(g) VHiat is the equation of the y->axisf - Can it be written in the 
f o4tti y = mx? ^ ' ' . , 



in, excejft the y-axis, , there is' an 



' Ei'oTu the above exercises, the following "%servations can be made: 

. equation can be'written 'in the form y = mx, ' where m is any » 

"real number,, its graph is a line in tlie .coordinate plane, through 
^the origin. ' . |^ / 

(2) For every line through the origir 
• * - equation, of tlr^e form y = mx- ^ 

* ' • ■ . ■ 

(3.) '-iEf. a line has al^ eiquation of the form y = jax, the sign , of m 

■ determines whether the line rises o"r falls ^ For • m > 0, the. line 
rises from left to right; for m < 0, fhe^line falls from left to 
. ^ right; for m =5 0, the line Is 'the x.-axis. 

' . (^) ^The' value of |m| determines -^he steepness of th^ lin^; of two 

t ■ ' • ■ *. 

equations with different values of . m, the *on^- with "filje larger value 

of • m . rises or falls more 

'In the*'.equation y =• mx, ' the real number m is called the s lope of 
^\>bhe associated li'n^. "It determines the direction of the line. . 

J . ^o-\j. let us . consider •functionS^whose graphs do not all contain the 

origin. For example, in each .o£; the functions 

■ ■ ! ^ (b) X ^ 2x + U ' y 



i 



the coefficient of x is ^2. 



t 



•From the graphs "of the'- 
functions it is apparent that, 
for any value of x 

(l) the Value of y in (b-) 
• is h more than the value 
of y in ( a) , and- 

,(5 ) . ^ the value of y in ( c ) 

is 5 ■ less, than the, value 
of . y in (a) 

That is, (l) thQ graph of 
"y = 2x + h" is. the graph of 
"y .= 2x" moved upward k units, 
and (2) the graph of "y = 2x - 5* 
is the graph of "y = 2x". moved 
downward 5 units. 

V/e say that, all • three of ■* 
the lines h\ive the same slope ,. 2 7 
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^ ■'. Exercises 17 -lb ^ ' 

(Class Discussion). • 

\ ■ • ■ ■ ■ ' •■ '\ ■ 

(a) With reference to one 'set of axes,^ draw the graphs of these 
three equations: • . j ^ . 

. ' ' ■ ■ ■ ■ * ' 

y = - ^ X - 3. 

(b) Do the lines have the same slope? What is their slope? Do they 
appear to be parallel?' 

(a) With ref^erenge to one set of axes, draw graphs of: 

^ . y = 0 

. y = -2. • 

■ • y =• 3, . ^. ■ 



r 
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(b) ■ Do thfese lines have the same slope? What is their slope? Do 
• tlfey appear to be parallel? . * 



The cpnciusions that we~ have made so far include the following: • ^ 

(l) ■ ■ The slope of a line is- the . value of ra in the equation 'Of the line, 
• written in 't;he form y = m>:^+ b/ .That is, it is the number which 
is the coefficient of x when^^the equation is' written in that form. 

{2f If the value of m is 0^, the, equation talces the f orm ^ "y = 0 • x b, 
which is usually .written "y = 'b" . . ^The graphs- gf such equations are 
hgrizontal lines and have zero slope . ^The^ slope of any horizontal 
■ c line is ■: 0 , ^ . ■ ■ " ' " \ 



(3) y Equations of the form ' x = a -cscajinot be put » into the ^orm. y. = mx + b.- 

•■. ■ ^ - ^ ' f» 

■ 'Their^^ graphs are vertical lines.' No slope is assigned to a vertical 
'* ■ * ■ \ . 

•line. ■ SometiraeS'We express this part by saying. that the slope for'a 
vertical line is undefined. ■ 

, .": Exercises^ 17-Ic .' , , ^ . 

1. State the slope of the graph' of each of the following eqi:iations^: * 

(a) y = X + 207 ■ \ "^ (e) y^= -3x + 1 



(b) y = -X + J (f / X = ,-5 

(c) 3y. =,3x> 11 ; (g) 3y = 7x + 2 . ; 

(d) 3i^=-27 \ . . ' (h)'l^y*=:. -2x + 5 . . ' ... , 

. From the equations given here, state all those pairs whose . * 

■ , * ' ■ , ■ . '■ 
^graphs have equal slopes and for* each pair tell what the slope' is. 




(a) 


3y 


= 2x +■ 1 ■ 


..(f) 


y + 1 = h ' ' .. 


(b)" 


y 


=• 9. 


•fg) 


:. ^. -.2 V 

y = -5 - ^ X 




x 


+ 5^5 • 


.(h) 


"2y = 3x + 




y 


■ 2 




y = 3 • " ' 


(,e) 


y . 


= 2 




2x 3y j= 7 
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Formulas which occur in science, in business, or in everyday life, 
' frequently describe linear . functions . For example, the formula 
i = ..05p, \ised in computing simple interest for one year at 5 ^ 
on a given principal, is a linear, equation. . The slope .of its graph 
is ;05, or . Among the.vays in which we might^interpret this 

number are the following: - 

If the principal is increased by $1, t^ " 
interest is increased by 5 ceri^s; or * - • 



(1) 

(2) 
(3) 



the interest increases by $5 for each increase 
of ^100 in^the p^ncipal; or . 

each increase of 2Q c^ts. in the principal 
has. a corresponding indrease of 1 cent in the 
interest. - 



^For each of the following formulas,* state the slope of th^ graph 
^ot the function and interpret the meaning ,of the slope in terms ^ 
the situation described.- 



(b) 
(d) 



(a) .D =■ 50t, a formula for the distance in miles a car travels at 
5P miles per hour in a 'given number of hours. 

■ .9 ' ' ' • 

F - ^ C:+ 32, the formula used in changing a temperature 

measure from the Centigrade s.cale to the. Fahrenheit .scale. 

C = ^ (F - 32), the formiila for' changing temperature measure 
■from degrees Fahrenheit to degrees Centigrade. , ' 

C = .75 + .10 (n - 10), n > 10, a formizla for the cost in 
.dollars of a telegram of 10, or more words, if the charge is 
75|^. for 10' words and^ ' lo\. for each addi%tional word. 

The formula for the simple 

lever is . . v. >, 

W X D = .w X d 

which represenlks the fact' 
that two weights on 
oppos^.te sides of the 
point of suspension (qalled the ^ 
fulcrum ) balance each other ..^ 

±-f the product, o.f one weight aind , its distance from the fulcrum equals . 
the product of the 'other weight and its distance. ^ * • 



A 



fulcrum 



0 



, If any two of the four qiaantities W/ D, and d" h^ve 

constant' values, then an equation can be written which describes a 
functional .relationship between the two remaining. variables . 

For each case below, writ^ an equation which describes a function, 
and staife whether or not the function described is linear, ' If it -is' 
linear, stkte the slope of its graph, . . ' , 



(a) 
(b) 



(c) 



A 50-lb 
A 50- lb 



weight is 5 feet Trom the fulcmra. 



weight on one side of the fulcrum 'balances a 60-lb. 
weight on the opposite side. 



The lever can be used to 
aid in moving heavy 
objects by pushing down 
on one--end of a bar with 
the other end- under ^the .■ 
weight .^ta be lifted, as 
shown in the sketch. 



2) 




Assjonie^that .the bar is 10 feet ; long' and the fulcrum is placed 



2 f eet Jrom the weight to be lifted. 



^ _ If Ve know two points on a' line can we compute its slope? Since for 
every two distinct points there is ^ . ^ 

exactly one line, and for every no 
vertical line there is a real 
number which is the slope of the 
line, we should be able to find su 
a number, . ■ 



y^jio^- 
1^ 



We shall begin by ].ooking at 
the graph of a particular function, 



3.. 



The points labelled in the figure 
..are on the graph, since each of the 
ordered pairs (0,-3), (2",2), 
anck, {^^1) satisfies the equation. 
By in;5^cting the equation 

^ X'-. 3 we see that the slope 









/ 




7(2,2) 


. 0. 






'{0,-3)' 



of ■ the line, is . Hov 'cauld ve compute, the, alope if ve had knpvfi' only 
th^t .the pairs {2.,2) and v(i^,7) named points on the lin^? ' We might * 
note that moving from (2,2) ■ to (^,7.) could be a'ccom'p.lished by movin-^ 
from' '(2,2) to .iS ,2.), "and then from {h ,2) to (i+j), ' That is, 
we could move 2 units to the^ right and 5, units upward s . Sance each than 
is in a positive -iirection, v/fe can obtain ^ , the number vhich is the slot) 
of the line, from the fraction .' \ »^ '' y ^ 

^ difference of ofdinates' 7-2 5 

difference of abscis-sras - ' k - 2 . 2 ' 

"» • ■ . 

■ . ' , ■ ' \ . ^ ■ . 

As a further check, suppose that ve had used .the, pair of points 

• ' ■ "* ' 

(0,-3) and. (2,2). In that case, the, fraction -//-ould have been 
* ^ • . ^ fi ' • 

difference of^ordi nates • ;_ 2 - (r'i) _ ^ • 

difference of abscissas ""'2-0 " 2 ' ^ ' ' , * 

If ve use the pair of points (0,-3) and .{W,'}^, the fraction is: ' 



•/■ U - 0 " '~ 2 



• Exercises 17 -Id -.. ■ 

. (Class Discussion) '■ , ■ ' 

Consider the ^inction f : x -3>^ + it-.*'. ■ . *^ 

(a) VHiat is;., the slope of its graph? ;. 

(b) Check. that the ordered pairs A(-l,7),. B(2,-2), and C(3,-5) 
satisfy, the equation y = -3x hence ' A, B, and 'C are 
points on it's graph, ":' ■ ^ ■ \^ 

(c) Locate poVoJ^^- A, B, and ' C ■ on a coordinate plane and draw 
. the graph of tUe equation. 4 , ; ' . 

(d) - Compute' the value of the. fi*action- > . 

difference, of ordinates 

■lifference of abscissas ^ ■ • ^ 

-'i ■ ■ ' ^ ' 

•for each 0!' the following pairs of points. 



What happens;ir you use the paiirs of coordinates in the opposite oi^er? 
For exarnple/ try 'computing: • * ' ^ . * , ^' 

For A and ^ ' • \^ 



Eor A and 'C> 2_.Z_Xr2l ^ 
For 3 and -tT^ ('^) 



: ~ T ; _ ■■ 

All of ."this leads to the general statement: ■ • 

If;; ^i^\>yj and .P^{x^,y^) ^ are- two points Qn a non- 
vertical line, then the .slope .m of is given by the formula 



/2 - ^1 . 
•^2 ^1. 



. ~ We can- convince^ iursel^fes-^the' truth .of tfiis statement ^'' the 
following -argument: ' ' ^ ' 



.c- 

■ -.is 



Since -and are on the line of which the general equation 



by substituting the coordinates in the equation we get the t^k true 



statements . 



< 

, Subtracting: 



y^ = tnx^ + b. 



. ^ '■^j-i ■■ ■ ■ ' . ' . 

Since the line is not vertical, ^ x^, hence •. x^' - x^ ^ 0,' and 

we can divide both sides by the number xa -\x , getting" 



1. 

2. 

3.- 



• - ■■* • * Exercises 17-le 

"For 6ac.h pair of point s> A, B find:. 

(a) the' slope of . AB; 

(b) the length of AB; . ■ 

. (c) the midpoint of AB 
/ ■ . ■ 

A(-7, t3);. B(5,2) ^ 
A(-7,3); B(8,3)- 
A(3, -12); B(-8,10) . 



-6^)5 B(6,( 




;^^ow that ve know the relatign between the slojje'of a line and the . 
coordinates of two points on the line/ we can use this knowledge in"-various 
■ways.. For 'example/ if .we know one point on a liojs and the slope, of. the line, 
we -can locate, other points' oh the^line and .thus draw the line very quickly.. 

Example \* Draw the line with slope . ' . . 

^ and^pass^ng^^rough the point - ' 



,(-2,l)- 



For any other point 
on the line, we can write 



(x,y) 



y - 1 

X - (-2) 



1. 
3 



If y - 1 = 5, y = 6. ■ 
I.f X + 2 = 3 / X = 1 . 

.Hence (1,6) is also on the line. 
In fact, from any point on the graph 
we .can find another point by adding 
3 to. the abscissa and 5 "to the 
ordinate of the known point.. Since 
= — ^ , we can also find points' by 
adding -3 to the abscissa and -5 
to the ordinate. Thus for a line 
trith slope- , .if we know one point 
•we can find as many other points , as 
we choose .by repeating the coun.t 
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"5 to '^he right • and. up ' 3" . More, .points could, be reached by ' counting 
"5 to the left and clown 3"! . . 

Example 2, Draw the ^raph .of , 
. y = - J X + 5, . 
. Note that the slope is - "I . 



Since " "2 " 



-2 -2 
3'" -"^ ^ this time th^* 

count' is • "3' to the right arfd dovn 
2"-. or "3 to the left an 3^ up 2". 
To find a starting point^^^^ the grs^ph, 
we might let «x = 0^ ■ in which case ' _[ 

y =. 5 / . ■ ■ ■ . • ■ 




The value of y when x = 0. is always easy to find. For. an eqmtl|bn 
in -the form y - mx, + b, if . x = 0, y.= b. Hence the point . (0,b) is . 
frequently used as a starting point. Since it is the. point vhei-e the graph 
intersects the Y-axis^ - we shall" call it the y-intersection of the line:^^. 
..The value of y at this point is called the y- intercept of the line. 

Thus we see that in..an equation -^f the form y = mx + the number 
m is the slope of the line, and the numi^r' ' fc , is its y- intercept . For 
tUis^ reason, y = mx + b is 'called-the " slope-intercept " form of a linear 
equation. 

■Example ^ 



^raw the graph of 
y = .2x - 5. . 



Here the y-intercept is -5., ■ 
so (O/-5) is a convenient starting 
point. ■ The slope is 2, "which might 
be written in. fraction form as y • 
From any known point on the line we 
can • find -another point by counting' 
"1 to 'the rip;ht,and up -2". 

^ ■ ^ ' ■ - ■ 
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• Exe rcises iT^lf 

1. .S S-UfSe* the slope of- each o-f the foil owing graphs . 

(b) ■ ■ 





(a 
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For each equation, locate one point on the graph, then use the slope- 
to :'ih:l other points, and drav the graph of .the equation. 

(aV y.= I x -2 ■ ■ ■ ■ > • . ■ . 

(b) ' y = -3x + 7' 

(c) y = f X + -r: . ■ * : " ' ■ . ■ ■ ■ . 

■ ' • ' ' ' ' ■ ' . . 

('!) 2x + y = 9 . ■ ' " ' .. ' 



(e) . 3:< + '5y - 10.=, 0' 
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, ' 17,-2 , ■ Writing: the Equ^ti6n ^ a Line ^.>*''"'7X^^ • • . . , •: , 

■ . ' . * 7 ' - / ■/ 

• ♦• Whsrt.we have , learned at^cJut -Jhe slopes of lines \:^n also be of iise.'^n - ^'- ^ ' 

^ . writing the equation, of a line when we Xnpv, either one point on 'the' }^ine*and ' - . 
.■ its slope ■ or ' two points on the, ifeie . ' . * ; ^ 

Z ■' . ' -'■ ' -"^ ■ 'V' ■ •/ . ■ ' ' .. /• \ ' ^ . 

gyample . 1,>^ Find an equation in\^e slo:^^^ntercep'\: forrn, y W-Uacr^+b of the ^ *" . • 
line through (9^^) 'wilAi slope rr * *• " , • . ' "• 

. • Since we know that ra ^\rr. , we Qsin. write the equation 1 ' " 

' • ■ • ' / / f ■ > ■ • : 



. " Now, if the point, [9 ,h) is on the ^^ine/ then, its^coordinates satisfy 
the equation of the ,line> hence / c' ^ ' • 

• ' ..■ • . . =1 (9) + b' , ■ , . 

nuist 'be a true sente'nce. -^What- value of b makes" it' true? ' ' . ' 

. ' ' ■ ' - . l^ = 6 + b ' ' ' • • , 

• is true' for b = -2 . . ' ' ... 

. ,■ Thus we now know values for ra and_ b in the equation y = rax + b . 

By substituting these values, we arrive at the desired equssfcion: * 

■ . - . . y = - X - 2. ^ 

Example 2. , Fi fid an equation in the form y = mx + b ■ of the line determined 
by: "the two points (-2,5) and. (2,-l). " ^ 

J . o . 

Here we beg i 13 by calculating the slope from the coordinates of the 
two known points: ' ^ ■' , . t 

' ' \ ^ - 1 ■ ~ 

■ . ^ - (-2) =.T = - 2 • ■■ . 

Thus y ■ = - ^ X + b . ^, 

Since one point on the line is (-2,5), 4jr 

, I ' ■ • 5 = - 1 (-2). + b 

^ / S = 3 + b ... 

.... ^ ^ b = 2. • 

SubGjtituting ^ for ra^ and 2 for b in y = mx + b, we get the 
/^uatlon^: 




. For eacfi di« the; folloylng, vrite' an .*quatloft in- t'hj^^oper intercept" 



r 





" The lj.rte 


■ throug] 

■ 1 


1 (1,5) with slope ■ 1 . > • ^ 


(b) 


. The 


li-ne 


throug] 


(2,1). vifh slope - |' , 




The 


line 


with s; 


.op*e ■ and y-intercept , 5, * 


(-0 


The 


line 


.with s] 


,ope 0 and ' y- intercept -2 ; ■ 


'(e) 


The 


1 i ne 


contair 


^ng, paints (0,5) , and \Q ,V^):y^- 


(D 


The 


line 


containing points {O,^) and (3,12^^^ 


(g) 


The' 


line. 


\hrough -points (0,3) and ■ (-2,3). 


(h) 


The 


1 ine 


detemined' by points j(\^2) and. (7,5)'. 


Consider 


'^ine 


,cqntaining the points ^' (2, 3 ) and .(9,.5) 



\4 



Of the. .following poirtta^re on the line? [ Hint : first determine the 
s - Qpe of ii; then, for^ each point., compare the^slope' of the. line « 
^through tkat point and (2,3) >-/ith' the slope of ii. ] 




if 



M (23,9) 
(19:53) 
(f) ^5^A9) 



Ln finding' .an equation in the- form, y = mx + -b of a line through 
*G given, point, with^ a given slope, we might reason as follows: 

. ^ , If . ^;^(^''-]_?yi) -^^^ ^2^^-2^'^2'^ points on a non- / 

vertical, line, the -s;] ope ' m" of is given by th^ formular'-. 



^2 - ^1 



Since x.^ -f , ^ • we can, multiply both sides by 



m^i get 



Hence an equat:^on ^the line through Vp(x^-^y-) with slope'. m'" ip* * ■ ' - 

Example fr Wrifte an. equation in 'the fona,--*/* = mx.+ .b -for^he^ lixl^ vth^-cugh ■ 
■^■.(9,^)'Vi,th slope' I'-. ^ . , >\ ^ jf' 



t m ^ r- 
{ 3 



■ We knew that is a point on jhe linei-^ and tl^a 

HerSce we can- writ^^ . ^ ■ ■ ' -f ' w ' • ' ^ 

• .'^ •" ' ' ^ Cx'" 9) . * : ,• -w- 



.•'6 

Exercis^es 17-2b 



/ 



Use the^fomula - y-j^-= ^{^Qm' ^1^ ta/f incka^ equatj.on for each 

'Nof the following: . ■ / - ; " . \ ' ■ 



(a). The line 'through^ ^(6,2) with slope ,| , ' 
.(b) The line through ■(3,-3T with slope j . 



(c) the line through points (-l_,-l) and (1,5^' 

(d) The line throug>i' points .(0,2) .and .,(2, -2).,. 



2. Construct the graphs o.f the following functions^ assuming the domain 

. ■ to be {x 1; -3 < X < . '[Note that the domain iJ' a closed interval 



V henc^ each graph is- a segment . ] 

^ (a) f : X -> X - 2 . " . (c^,* G ■: x -> -x - 7 

-2x ^ , ' . (d) g : X -^1 X + f 



(b^ F: % X -2x M , ' . (d) g : x | x + ^. 

(e) .h : each. number x is asdociated^wiih 5 -more *than one-half 
the number. * ' ♦ " ' ^ ■ ' 

3. Which' of the following are linear functions? 

- 2 ■ 



X - 2 



(a) 


f ; 


I X -(x - 2) . ^ 




'(e)' f 


(b) 


f ; 


;_x -'[x - ^] 


. ■ { 




(c) 




: .->U^-2- 




■ r (g) , f 


(^1 


f ; 


; X (-x) -2 , 







. In science, you will learn about Gay-Lussa,c»s I^iv" conce^snin^ l^he 

relationship between ggis pressure ahd^stempe rat u^e. You vj^l probably 
./ - do ^Ti experiment planned" to coxivi.n6e you of tile truth-o? that Law, 

wtii.ch^carf be gtaied^s foilows": For a'^s. held at a constant volume^ 
- the pressure Of the gas varies linearly with the teuipiratule . . 

This can be written as a formula: . ^» ♦■4 '> 

"Vcd performing an experiment ' on Ga^-Lussac»s Law, a student found that 



• the pressure.^f the g^s .wafiL 7-5 " lbs. per^sq. in, at^2iP C, and 

was 9^ .'lbs, per sq, vi|||^at lOOP C. ■ • -I' 

• ( * I 1 • ° ^ ■ 

(a) ^Express the student's findings as ord^re5\pairs, .(T, P) . y . 

■ ■ • . . . ' ^ . . .. i - 

(b) . Graph the f unctiorMrft44€;ated,- using temperature -units on" the- 

horizontal axis ariti pressure units on' the vertical axis,. 

(c) ' Writffe,. in the form P = mT + b, . an equation which describes tl;ie 

function, *. 

(d) What would be the pressure of the gas at 50° C? At 0° C ? 

(e) At what temperature would the pressure be l^ lbs, ^er' sq. in.? 
■ 0 ib, per sq, inl? * . 



On the gra^ih- of. the eq.uation y - 2x^+ - there is no point (x,y) 
such that X* and. y are both integers, 

(a) Explain why this is true,. * ' , » 

(b) ■ Write two other equations for which the same statement is •trrue. 

Construct a flow chart for fipding the slope of a line, given the 
coordinates o-f two different? points, on the line.' 
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17-3' Parallel and PerpenaicuAiyljines ^ j;^,:^ ■ * 

Earlier in this chapter we mentioned that it is possilple to prove that 
^^f^ihe graph of any eqtiation of the form y = mx + b is a straight" line, VJn 
• decidijGig how to proceed with the proof, ^d.^ha!^ first Consider a particulgir 
■ equation of^ that form and* the g^ra^h of the equation, ^ / ' 



Exercd^ s 17- 3a 
(Class Discussion) 



2^- 



For the equation y = 2x + ,3, 
(a) .When, x = 0, y. = ? 
•(b) When x = l, y = _?*_ ^ 



Since thqlordered pairs (0^3) 
and (1,5) satisfy the 
equation' y^ = 2x + 3, . its 

includes the points 
P(o,X Q(1.5). . 

Locate the points and dravr- 
... PQ; construct PR parallel 
\~ to the xZ-axis, and RQ J_ PR", * 
ChecJs>your figure with that . 
$liown here. Verify that , 
- 2 _ p ' 



PR 



1 ^ 



\ 



\ 





' / 




!/ 

' - i Q (1,5) 

/' 
/ 1 


P (0,3) 


/ 1 
/ 1 

1 
1 

1 •■/ 

1 




0 1 (1,0), 

1 

> 1 ■ 

1 

f 




4 



Figure 1 • 
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2i 



Select some other ^oinir 
S( x, y ) on PQ . ^^ra^^"^ 
ST i PR at Tix,X)f\^^. 

Represent the^ length of 
ST\ by z/ Check your 
.figure now-vitK that 
shown here. ■ » 




Figure 2 



Use the geometry of similar triangles to prove A QPR A ^PT, -thus 
showing that 

. ; > , •■ . X' 1 . ■ - 



y = 2 + 3 



S .represents any point'on PQ other. than P or. Q, and the 
coordinates (x,y) • of S satisfy the equat^tSii^y^^^^x- +\3. . So 
far we have shown that if a point is on PQ^ ■ therl its. coordinates- 
satisfy the equation y = 2x + 3 To complete the proof that the 
line is the^raph of the equation, we must also .show that every point 
(x,y). for which the sentence "y = 2x + 3" is true 'must be on the • 
line. ■ To do this we. select a point not on the line and show that if 
its coordinates satisfy the equation there is a contradiction. 



18 



22 



On your figure select a point 
A not on PQ. For example, 

let A be ( i| , y )..' Through ^ 

A draw aFX T^. at B. ' ' 

It- wiil intersect • 'PQ at 

some point A* whose ' 

coordinate? aire ( ' 




I -I 



a; (^,y) 



I (^,3) 



1 1 



Assume that the coordinates of A satisfy the equation y = 2x + 3 , 
Then ' . ^ 



and A is the point {k, ? ) 



However, A»(i|,y») is on PQ/ and we have proved that, if a point is 
on PQ^ then its coordinates satisfy the equation . y = 2x +,^3» 
Hence •■ . . ' " • . 

y' = 2(10* + 3 = 11, ■ ' 

and ^ • • .. 

A* is. the point ( ? , ? ) . 

We have shown that the coordinates of A*^ a point'on'TQ, are the 
same as those of A. Hence A and" A» are the same point. This ■ 
contradicts our assumption that A is a point not , on PQ. Thus if 

the coordinates of a point satisfy the equation y = then the 

"point. is on the line which is determined by two ordered pairs that 
satisfy the 'equation. ' 
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Through th^ agquence of exercises" above, we have shown that the graph 
of y = 2x + 3 is a straight line. 

' ■ ■ 

. We could use exgictly the same 

sort of argument -for each individual 
equation of the form' y = mx + b, 
tp shorw that the graph of that ' 
particular equation was, a straight 
line. It would save "time, however, 
to g\ through the proof once V for 
the geheral eqmtion 

y = rax + b, m ^ 0 

using the generalized figure shown 
here,. 

V 

The proof wjDuld begin like 
this: ■ P(0,b) and. Q(l/m+b) 
are two points on the graph of 
y = mx +■ b, since both pairs of 
coordinates satisfy the equation." ". 

If .S(x, y) is a" point on ' 
PQ, then we can prove that 
A STP - A QRP, and hence that 



m 
1 




z = mx 

y = mx + b . 

Thus the Croordinates . (x,y). of any points on .?5 satisfy the equation 
y = mx + b. 
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.1. 



■ Exercisea * 17 -3b 

"Complete the proof of the fstct 

that the graph of. ' . ^ 

' y = inx\+ m 0, is a 

straight line by proving 
-that if point A is not 

on PQ, the assumption that 

its coordinates .satisfy the ' 

equation leads to a contra- 
diction (see Exe rcise^ 

17- Sa . 6-8). 




/ 



2. "^For the eqviation y = mx ■+ b, if m = 0, then y = 0 • x + b = b. 

In the coordinate plane, is the graph- of y=n3 ^ a line? Explain. 

3. Is* the graph, in the coordinate plane, of the equation x^= k -,a • 
line? Explain. . < ., . . 



. We s'hall state the fact that has been proved as the first of^our 

fundamental theorems' in this chapter: . 

, • _ '<^-, ", . * ^ , ■ . ^ ' . . • ' 

Theorem 17*1 . The graph of ^ any equation of the form / = mx + b ■ 

■ is a straight l*ine. ; - 

You have probably noticed that two distinct nonvertl^cal ■ lines with 
the same slope )Beem to be parallel. In fact, we can prove very simply that 
this is true. Itemem^er that if- we have t\>o lines In the same plane, tl^e 
lines^are 6ithe| parallel or they intersects' Wfe shall prove that if the' ^ 
slopes 'are equai then the lines cannot intersect. ^ ^ 



J 




Suppose that i^"^ and are 
two -distinct lines, whose equations 

, : y' = mx + bi>^ 



•where 



If ^the lines intersect at some 
2^ ^ point P(x,y.),| then at that point 
the ordinates (values of y) are 



equal^ so 



Hence 



. mx + = mx +■ b^^ 



which contradicts the assumption that 



. . • We have proved that for two distinct lines with the same slope to" 
Intersect lisads to a contradiction. If they -cannot - interse ct, they must be 
parallel. 

We. can use a similar argument to prove the converse of this .that is 
if two -nonvertical lines are parallel then their slopes ara equal. -i 

Suppose thaT'^'*^, and £^ are 
two distinct lines whose equations 
are • ' • • ^ 




X + b. 



and that ' 



\ J JVe shall prove that m, = nu 

by showing that we have a contra- 



diction if 



The y-intersection of i^. is 
(0,b^). Through that point we can 
draw, a line whose equation is 



y = m^: 



►X + b. 



22. 



'26 



Now, ^2 I I 'because we hav^ proved that<lf two dis-^inct lines have 

the same slope, i^hen the lines are parallel... 

Thus .we have two lines, and ■ ^ through the point (0,1d^), 

both parallel to Z^. This contradicts the Parallel Postulaxe, which states 
that '.through a given point -not on a line there can be only one line parallel 
•,to'. fhe given line. ' . « 

. Since ^ pleads to this contradiction, it follws that it cannot 
be true, so = must be true. - . ' . 

Taken together, the two - facts Just proved clinstitute a theorem which 
can be stated as follows: ■ ' 

Theorem 17-2 . Two nonvertical lines ar^ parallel if and only if they 
have the same slope. '■ \ ' 

' . ' ■ Checlc Your Reading © - • ' . • 

1. . What did we prove about two lines with the same slope? 

2. ■ If two lin.es'^are- if\ the same plane and are^ot parallel, what must be 

true about them? ^ ■ 

3. The. method that we used is sometimes called "Proof by Contradiction-". 
■ ^ In t^^is case, what fact -is contradicted if the lines are assumed to 

intersect? ■ ^ . ■ . 

I4-. What did we prove about two nonvertical parallel lines? 

5.. • How- did we use Proof by Contradiction, to prove that two nonvertical 
parallel lines have the same slope? 

6. stated "as a single theorem, v/hat has been proved about two non- 

vertical parallel lines? 



Suppose that two lines are vertical? Such lines have no slope, but 



tliey are parallel to the y-axis , . Thus any two vertical lines are parallel. 



2J ■ 
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Exercises 17-3c 

1. • For each^of the following pairs^of equations, ' find a value of p s 
that the graph of the first equation will be a line parallel to the 
graph ofi the second equation. 

(a) y = px + 3; ,y = X 

• ^(b) y = px - 2; y = -2x 



(c) y = px + I; 2y = 7x - 10 



(^) y == px + 9; y = 3 
(e) y = px; 3x + y = i| 



2. • Which' of the following are the equations of lines parallel to the 
, . graph of 2x - 3y = 1? . 

2 ' 

(a) y = 3 .x • (d) X - I y = 1| 

- (b) y = - I X + 2' . (e) I X = y - 5 

( c ) 3x - 2y = 1 ■ . * 

■ ■ 

.3- The vertices of ABC are:'- A(-2,3), B(5,7), C(3,-1).' For 

each statement below, find a value of k that makes ^t he statement 
true, - •• . 

(u) The graph of y = 'kx + 7 . is^-^arallel to AB. ' 

(b) . The graph, of y = kx is i>araller 'to. AC. ^ 

(c) The graph of . kx + y + 5^ = 0 is parallel to *3C/. 

The vertices of the quadrilateral ABCD are A(2,l), B(3,5)/ 
C(-5,l), D(-6,.-3^. Prove that ABCD is a- parallelogram. 



We : have seen that ' the apparent relationship between the slopes of 
lines and their parallelism is, in fact, true . Now let us look at some 
other lines and" their slopes. 



2k 
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Exercises ' 17-3d 



(Class Discussion) 



1. ■ On one set .of coordinater ax^s, draw the graphs of the following 
• equations . • \ ' 

■ ■ (a) y = -3x + 12, ■ { ■ '.'^ ■'■ . , . / 

• > (b) y _= -.| x - 6 ■ ■ , ^ 

■ ' S (d) y = -3x - 15 

(e) y = 2x - 11 - • 



The region bounded by segments of tlie above lines is shaped IjLte, 


pentagon, as shown t?y the 




shaded area- in- this figure. 




Wow Trianv richt ancles does 




the pentagon seem to haVe? 


v 

, 1 


(You might use a-,£Qj7ier of- ■ , ^ 
a rectangular card tq^checlc 


your .hunch. ) 








\ ■ — r 


0 \ / * 


* V 

\ * 




.(d)\ 






■ /(e) 
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■3. 'Refer to Exercises 1 and 2 above to complete the follcwing table 
concerning pairs of lines which appear tVbe perpendicular, the 
equations, of the lines, and their slopes. \ • ' 

tlpLs Equations « Slopes • Product 'of ' Slopes 

\ (1) ■ (a) ; ' 

'.'(c) , • ■ : • ■■; [■ 

; ' ■ . (2) (d) . ; ■ 

: ■■ (c) ■ 



r 

(3) (b) ■ ' i 

(e) : 



Complete the following statement based upon the table above: 
■■ , 

. Two nonvertical lines are if and only if the 

product of their Slopes is . , ' 



- .The statement in Exercise k above was based upon a stnall niomber of 
cases. However, it is a • rather w^l-known theorem. . Let us have a look at 
a proof of it. Remember that the phrase "if and only if" indicates that 
ve "must prove two things : , ■ 

(1) If the lines are perpendicular, then -the product of their • 
slopes .is -1, and- , . 

(2) if the product of the slopes^ is -1, then the lines are. 
perpendicular. 
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?roof of (l): 

. .We look first at two lines 
.,ftnd through the origin with- 

equations : « 

■ : y = nLj_x' ■ 

and such that J_ 2 ' 

At the point R(1,0) ve 
construct- RP j; to the X-axis, 
intersecting J^^- ai p(l,m^). 

V/e also constI^J.ct A OSQ by 
making OS a. segment of the X-axis' 
such that OS = m^' and' then 

constru^ing SQ J_ OS, with Q on 

/2- ^ . .■; ■ \ 

Nov we can show that 
[ops = /^POR, and thus that 
rt A OSQ = i-t A PR®. 



(1,-1.) 




(1,0). (m ,0). 

s 



Figure 1 



Hence SQ = OR =»1, and point Q has coordinates (m^,-l). 
The slope of is m^ , and the slope of jg^ ^ 



■1 -0 



m^- 



m. 



Thus 



and. 



1^ 



1 

• m^- =■ -1'. 



iff 
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Suppose that the two lines 
intersect a?'^ appoint ^her than the 
origin, as, in the figure shovn 
here, in which lines • ■ 

■: y = m^x' + b 
intersect at T . 



Then lines 



and 



^2 'I ^ be .const'ructed through 

the origin. 

From geometry, we - can show 
that and from Theorem 17-2 

we know that^. their equations are: 



1 V 



y = m^x 



Since i^' and lines 
through the origin and J_ ^ 
we know that 




-1 . 



Thus we Tiave proved that if any two nonvertical lines are perpendicu 
lar, the product of their slopes is -1 ... . 



2. 

■5- • 



Check " Your Reading 

For lines and Figure 1, what are the equations of the 

lines? What is the reflation of to^ ^ . ' . 

■' ■ . 

Explain how to prove that A OSQ = A PRO. 

For'Figure 2, how are and ^constructed? ^Explain how it 

follow? '-Slat, if 1^ 1 k^ then [, ^2'' 

If ■ the slope df k^ is m^ and if k^ I 1 ^ what ' is the. slope of 
? How do you know? ' ■ ' 

What have we proved about the slopes of two nonvertical lines that 
are perpendicular to each other? 
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The proof of Part {^) , that if the product of the ^opes of two . lines .^^ 
I • * ■ ■ 

is -1, then the lines are perpendicular, will be asked for as one exercise 

in Exercises 17-3e» 

We state the follpwing theorem about perpendicular lines: 

Theorem 17^3 . Two nonvertical lines are perpendicular if and 

Qnly if the product of their slopes is -1. .. ' . * . 

, Exercises 17 -3 e 

\* For- each pair of .equs"6Uons, determine a value of m. in the first \. 
equation such that . its! graph is perpendicular to the graph of the 
second equatioo- • • ■ 

• (a) = mx .h and/ y = 3x + 2 •. ^ 

1 -1 

.(b) y = mx ^ and y = - y: - ' . 

r 

(c) . y = mx + 1 and 2x '+ y = 3 

(d) y = mx - 2 and y = — x ' ♦ . ' * ■ • 

i ' ' , ■ ' • ' 

2, Which equations given below have graphs- perpendicvdar to the. graph- 
of y = I x? 

. ^ (a) y = 2. - 2x . ' " (d) 2y = -hx +■ 1 

(b) . X + 2y = 3 . .(e) y = 2 ■ 

(c) X - 2y = 3 *• ^ ' 

3. Write out a proof of the second part of. Theorem 17"3 » That is, prove 
■ , 'that if the product of .the slopes of two lines is then the 

lines are perpendicular* ' ( Hint ; first prove . this for tvo lines 
through, the origin, constructing line Figure '1 on page 27 

in such a way as. to make A OSQ = A PRO.) - ^ 

1 

m^ and ra^ , we coizld replace **the product of the. slopes- is -1" 
by "one slope is the negative of the, reci-procal of 'the other slope".- 
Rewrite Theorem 17'3 > making this replacement. 

Suppose that one of two perpendicular lines is a vertical line. 

(a) What must be true of the other line? 

(b) ' Why are vertical lines excluded from thef statement of the theorem 
about perpendicular lines and their slopes? 

. • 29 ^ . V 



Since • ra^ = -1 and i^"^ are "true for the same values of 
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Consider A ABC with vertices -A(2,3), B(5,9) and C(ll,6): ' 

(a) Find the lengths of tjie three sides. r 

(b) Find ^he slopes of .the sides, • • . 

(c) What kind of triangle is A ABC? 

(d) Prove that the line Joining the midpoj^s of segments AB .and 
, ■ BC Is parallel to AC. 

Show that the guadrilateral joining A(-2,2), B(2,-2), C(i;-,2); 

and •X>(2,V) is a trapezoid with perpendicular diagonals. 

(A trapezoid is a quadrilateral with one pair of parallel sides.) 

Show that the quadrilateral ABCD yith vertices A(2,l), B(7,1), 

C(10,5), i)(5,5) ^is a. rhombus with perpendicular diagonals . 

(A rhombus is a parallelogram with two adjacent sides congruent.) • 

Given pointe A(-7,3) and B(9;-9)V- ^rite the equation of the 
perpendicular bisec^'or of AB. ( Hint ; What is the' slope of AB? 
What is its midpoint?) , . • ■ 
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Translation of Axes ; Coordinate Proofs of Geometric Properties 

Now suppose that we look at some figures in the number plane and see 
what- happens to them when we shift the coordinate axes. We shall restrict 
our .shifts to ones which keep the axes p&rallel to themfelves That is, the 
Y-axis will remaiii vertical and the X-axis will, remain horizontal. Such 
shifts of axes are called translfilti^s. 



1. 



■ Exercises 17^^ 
(Class Discixssion) 



The figure here is made iip of ■ 
five points. A, B, C, D, 
E. -We have indicated two^ 
sets of coordinate axes, the 
(X,Y)-eLxes and the 

(X»,Y")-axes. 

(a) Give the coordinates of 
each point with- respect 
to the (X,Y)-axes, 

(b) ^With respect to the 

(X*^Y' )**a^es, what are 
the coordinates of each 
point? 



the relation' of- 
X« to X? of Y» 
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to Y? 



(d) If a point P has coordinates (a,b). with respect to the 
(X,Y)-axes, what are its coordinates with respect to the 
(X*,YO-axes? 

(e) Givet the (X»,Y») 'ctJordinates of a point whose . (X^) 
coordinates are XT,-^)» 

(f) Give the (X,Y) coordinates of a point whose (XI,Y'). 
coordinates are (7,*^). 

(g) Think of the ^ (X* , Y* )-a^es ' as representing a slide, or 
translation, * of the (X,Y)-axes, and describe the slide. 



31 



55 



• (.h) Wl^t are the (X,Y) doordinates of the nev origin? 

The f^igure shown here consists ' Ay r 

of two parallel lines, 

and i^y with detenplne 




by A and . B and " 

determined by C andV D, 
as shown, v ' 

^(a) Write equations for line 
and vith respec 

to the (X,Y)-axes 
, given. What is the 
slope of each, line? 

(b) Consider a translation 
of the axes which takes 
the origin to the point, 
whose (X,Y) coordinates 
are (1^,-3). What are' 

the new coordinates of points A, B, C, and D? ' , 

(o) Write equations for lines" and' ^^'^^ respect to the 

nev position of the axes. What is the slope of each? 

(d) Are the lines still parallel? 

The figure shown here consists 
of two lines and i^, 

intersecting at A(-2,3)' 
Point B(1,-3) is, on JbA' 
and C(2,5) is on i^. 

Write equations for 

and \ What is the 
slope of each? 

(b) Prove that 'i^l^H^* 

.(c) Find the lengths of -. , 
AC, 'AB, and BC. 




32 



V4 



36 



(dy^onsider a translation of. the axes which moves the X-axis up. 
2 units and moves the Y-axis one unit to the right. What 
are the new coordinates of A, B, and C? 



(e) - What are equations' for 
position of the axes? 



and 



"With respect to the\iew 



(f) Are ■ and 1^ perpendicular to each o^er? Justify 'your 



(g). Using the new coordinates of A, B, and. C, fijid the lengths 

of AC,' ABy^ and BC . Compare these with the lengths found in 
P;art (c). . . ^, " 

The figure this time is 
A ABC, with vertices as ' / 
indicated. 

(a) Show that A ABC ' is a 
right triangle. . 

(b) Find the lengths of 
■ AB,. BC, and- CA . 

*(c) Write equations- for AB, 
BC, and CA . .What ^re 
their slopes?' ^ 

(d) Translate the axes so 
that the new origin is 
at point C . . What are 

^ the new coordinates of 
. the vertices? 

(e) UsiTig the new coordinates 

■ for A, B, and C, ^ ' ^ 

what are the lengths 'of AB,. BC, and CA? v 

(f) What are new equations for AB, .BC^ and CA ? 

When a property remains unchanged in spite of a • transformation, such 
as a change of axes, we . say that the property is invariant under the 
trans formatipn.. In Exercises 1 through h above, which of the 
following properties were invariant under -fehe translations' described 
■ for. the axes? 
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(a) Coordinates of points 

(by\ Distances between- points 

(or) Equations of lines 

(d) Slopes of lines 

Te) . Parallelism of lines* 

(f) Pea^endicularity of lines 




The theorems proved in Section 17-3 and the formulas for the length 
.and the midpoint of a segment make it possible for \is to prove geometric 
facts. For convenience, we restate here the formulas and theorems • on 'which 
ve shall base our proofs: 

Distance Formula . For points ^^.^^I'^l^ ' •■^2^^2'^2^' 



Midpoint Formula . / For pointV^P.j_(x.j_, v.^^ and V^{yi^yy;^)y the . 

. codrdinates of M, the midpoint of . P^^^ are 

\ 2 ' 2 y- 

Theorem 17-1 * The graph of any equation, of the- form y = mx + b. 
is a straijght line. . • 

Theorem 17-2 . Two nonvertical lines 'are parallel if and only if they 
have the same slope. 

Theorem '17-3 . Two nonvertical lines are perpendicular if and'orily 
if the product df their slopes is -1. 

Example 1. Prove that the diagonals of a parallelogram bisect each' others 

This theorem, which .you have already proved by using congruent 
triangles, can also be prov^ed by assigning coordinate axes to a general 
parallelogram. Since' we can place the axes wherever, we choose, we shall 
place them with the origin at one vertex of the parallelogram, as in the 
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figure shovn here. Then, 
the coordinates of A 
are (0,0), and the 

second coordinate of 
B is 

We have chosen to 
use b . as the first 
coordinate of ' and 
to use the letters d 
and h as coordinates 
'"of D. So B is the 
point (b^O)^. and. D. 
is the point (d^h). 



D (d,h) 



(0,0)- 



B (b,0) 



Nov we shall assign Suitable coorciinates to 
making use of the fact that ABCD is a parallelogram. 



Since DC | | AB, 


the second coordinate of C is h, 


the same as 


the second coordinate of 


D. Since the opposite sides of a 


parallelogram 


are congruent, DC = AB = 


b..,i Hence the 


■ first coordinate of 


C is d + b. 


The figure with 






J 


appropriate coordinates 






•assigned to the vertices^ 








and with the diagonals 




, V 1 ■ 




drawn, is as shown. here. 




D (<i,h) 


C fd+b.H) 


We shall prove that 








AC and BD bisect 








each other by showing 








that their midpoints 






/ ^ 


have the same 
coordinates . 


^ ■ A 


(0,0) 


(b,0). ^ 


From the Mid- 









point Formuld., we find: 
Midpoint Of AC = 

/ d -f b hx 
Midpoint of BD = ^ ^ , ^) . ^_ 



Thus the two segijients have a common midpoint. That is, they bjlsect each 
other. • ■ 
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V/hat geometric theorem was proved in Example' 1? • " 

In assigning a coortiinate system to the figure, "where did we place 
' the origin? • - "* • 

What coordinates did we assign to points A, B, and D? " ■ 

» ■» . 

How did we decide that the coordinates, of point C should'be 

(d + b, h)? ^ " . ' 

How was the Midpbint Formula used in the proof? • ' . 



Exercises 17-Ub ' ' • . • " 

ft • . i . « 
, ' ^ (Class Discussion) * ' ' 

As another example Of a geometric -pnoof using coordinaj:es, consider 
the following: ' - * 



I- 



2 /2 2 , 
r ./ 



(a) 'On a set of coordinate axes draw A ABC with A.(-r^O),''» 

^^"T^ij and C a point .(x,'y), such that x^ ^ y 

s .(Hint: recall that. ^/ 2 ~2 
\. X + y 



(b)' Check your figure with 
that shown here.. Then 
complete the following 
statements. 

If m^' is the slope of 

• AC, then m^ = ? 

^ If is the slope of 

• BC, then ' = '? ^ 



,4s the distance' from the origin 

* 4 













f 




































\ X 






' ^ '-m- 


A(-r,o) . 


0 


B( r,o ) 






f 



2 - 



(x + r)(x r) x(x -• r) + r ( ? ) 



2 . 2 



2 • '• 2 ^' 

X , - xr + xr - r ( ? • ) 



/•\ '2' 2 2 P " o 

(d) Ifv X = r , then y ~ ? and x - r 



2.. 

Thus • tn^ = = 1 

, -y : 



. .Hence* AC J ?_ 



Let us see vhat we have proved in Exercises 17-iib. ' 

• ' We began with AO = OB = OC.. Thus we know that A, B> and C j 
are points on the circle whose center is 0 arnd whose, diameter is "Sb. 
This can be described as saying, that . /ACB is inscribed in a semicircle 

. We proved that . AC X BC, hence /aCB is a right angle. 

Since C, could be any point on the circle, except A or B, , w 
can state what we have proved as, the gen^|^l theorem: 

** . * " 

• An an^le' &nscribed in a semicircle ' is a right , angle ♦ 

This_, is another way of stating what was proved in^ Chapter I5,' 
Exercises 15-^b:' 




"Ariy angle formed by i vertex on a circle and by^^rays from the 
vertex through the endpoints of a diameter of that circle, is 
a right angle," • . „ ^'' . , • 




E:terclses 

Use coordinate geometry- to prove/each of the following. 
The diagonals , of a ^rectangle 



have equal lengths. (Hint; 




, y 










Place the axes as shown and 


D 




\ ■ 




C 




finish assigning coordinates 












to the vertices of the 
*■ ■ 














rectangle. ) . 
















A(0,0) 


0 




B 







The midpoint of the hypotenuse of a right triangle is equidistant 
from its three vertices- ( Hint : .Locate the axes ■ along the legs of 
the triangle and name the vertices of ihe acute angles (2a, o) and - 
(0,2b).) • . 

The diagonals, of a square are perpendiculj^r to each other. 

■ ■ • - ' ^ ■ 

The line joining the midpoints of two sides of a triangle is parallel 
to the third side of the trian^e and equal to one-half of it. 
(Hint: Put one' vertex at the 010^4^, 'the other two at (2a, o) 

and (2b, 2c).) ' ' ' 

* ■ ■ . ' ' 

Every point on the perpendicular bisector of a segment is , equidistant 
from the ends of the segment.' . "( Hl^rfc^ Put the segment along the 
X-axis, with the. Y-axis the perpend iciilar bisector of the segment.) 

A ABC is placed on ia coordinate system ^with A at (0,0), B at 
(2b, 2c) and C ^at ^(2a,0). Through tte midpoint M of BC, 
AM is extended .so that MP = -AM. . ' . • . 

(a) Prove that. ACPB is a parallelogram; ' ■ » 

^ . • . ' ■ 

(b) ' State what^. you\have proved as a general- theorem about extending 
■ ■' " ^ a median of a .tWangle. . " 
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l7-5« Three Dimensional Coordinate Systems 




12' 



The drawing above represents a small room, 8 feet wide> 12 feet long 
and, 9^ f.eet high. There is a door 6 feet high in the center of one end. 
From point M, the midpoint of the top of the door frame, a wire is stretched 
to a top comer P, of the opposite wall. How long is the wire? 



...1. 



3. 



5. 
6. 



Exercises 17- 3a 
(Class Discussion) 



Select N on PN» so that N'N'ls 6 ft, \ Thus MM*N«N is a 
-fectangle, .and A MNP is a. right triangle. PW = ? 



= / (PN)^ 



By the Pythagorean Property, 
the length of MN, but. we do know that = ? 



we do not know 



triangle; M« N« 



A M"RN" is also a T 

RN« = ? } .M* i is the midpoint^ of RS, hence • M«R = ?. 
Mt N« '= A 



?■ + l6o = y 7 
The wire is ? feet long 
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In the exercises aboVl^"-^ were concerned with finding a distance 
between two points in space, given -numerical information which did not all 
relate to a single, plane/ This involves the location, of a jgint in space by 
means of three numbers, ^ a ' » 

• Given a point, we can describe its location on a line containing the 

point by assigning a coordinate system to the^line and stating the unique 

number which is the coordinate of the point.' - --^ , 

.* 

Given a point, we can describe its location _in a plane containing the 
point by assigning two coordinate axes to the plane and stating the ^unique 
ordered pair of numbers which are the coordinates of the pc^int. 

If we need to describe the location of the given point _in spa^ , 
we need a third axis, perpendicular to the . X-- and ^ Y-axes • We describe 
the point by stating ari ordered triple of numbers^. 

For example, to a sketch of' 
the ' room described at the beginning 
of this' section, we might assign a 
coordinate system as indicated here, 
with the origin at point R. We' 
shall assume that the positive 
direction" of each axis is as " 
follows: . *' ^ 

X-axia: positive numbers to the 
front. 

Y-axis: positive numbers t'o the 
right , 

2-^xis : positive numbers up . 

Uow we can describe- each point 'in 
the sketch above by 'an ordered triple 
(x,y,z). For example, 

R is the point (0,0,0) 

S is the point (8,0, O) 

, T is the point (8,12-,0)..; ' 




Exercises 17 "^"b 



1, 



Give the ordered—triples corresponding to points U, V/ W, P/ 
and N' 'in the figure above. . ' 

• 

Give also the ordered triples corresponding to points M, M* , and 
N in the figure at th^ beginning of the^ chapter, assuming the same 
'assignment of axes as- the one described. 

Suppose that the origii\-had been placed at S instead^ of R/ with 
the 'same agreement about^ the positive direction. Give the ordered 
triples with reference to the new axes for points M,. M', N, N*, 
P, R, S,T, U, V, and W. 



Suppose that "Sc • YY» , and 
ZZ! are three lines intersecting in 
point ^ 0, with ^« i YY» , 
YY« 1 -ZZ» , and ZZ« X , 

Recall that two intersecting 
lines 'rletermine a plane, thus we 
have three planes determined by the 
' three linps, taken in pairs. 
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Exercises 17-5c 

The figure shown here ' pictures'" three planes A, B, and C, which 
are mutually perpendicular (A 1 B, A 1 C, B 1 C), with lines of inte 
•section as indicated. , ' ■ . 

f ' 'i 



^^^^^ is 




z 


1 _ • . 




!• 

1 

1 1 
1 1 

X i 

> ! 


^^^^ * 


■ 






e J ^^^^ 


7? 


■ . , ■ f 



1. Of planes A, B, and C," which plane is determined by the inter- 

secting lines ■ • 

(a) XX« and Y? ? 

^'(b) ■ 3a» and ZZ^. ? • , ^ . 

(c) YY» and ZZ» ? 
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(a) . XX* is the intersection of plane A with" plane 

(b) The intersection of planes B and C. is ? 

(c) Planes A and. C intersect in ? 

(d) The intersection of all three planes is ? 

t — — — 

(e) The three planes divide space into ? 



regions , 



3» 'Planes. A,, B, and C can be named by identifying the axeff' vMch ' 
detjj^rtiane the planes. For example, plane A is the XY-plane. 
Give similar names for planes B and C 

k. Since planes A, B,. and C are mutually .perpendicular, their lines 

".of intersection. XX?, YY*, and ZZ* are also mutually pe 
Thus, they are a set of coordinate axes to which we can relate points 
in space. For any point P(x,y,z) on Sc», both y and z have 
the value 0, hence- the cbordijiates of the poir^ take the form 
(x,0,0) where x is some real number. Express the form of the 
coordinates of ? for each of the following cases. 




(a) P is on YY* . 

(b) P is on "ZZ* . 

(c) P is in plane A. 
■(d) :• P is in.fplane B. 

(e) P is in the YZ-plane. 



The eight regions into which the three planes diV.ide spfi'ce are called 
octants * We shall number the upper f our^^c|f -ihese as "^^fcated in the 
drawing on the next page, with octaji.is' ^ .IV^ , c^r r^ M^^ing to quad- 
rants I - IV in plane A. The octapL-q|^/^l5e;^w^^^^K^ wi^H be namefd 

in the same order, with V below I, yi': ' ^^ic^^Si 111* 
and VIII below IV. For any point 'in 6c*ant* -'I,-: .'all three 
coordinates are; positive. In octant IIy/.^.S?vv.i&=n^ z 
are positive. List the signs of the .cofel^dSn^^eViir) 'the:'h1^fr, sXx . . 
octants* ^ ■ - V!";- '■• 
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We shall assume that by using three mutually perpendicular axes > 

can set up a one-to-one correspondence between the set of all ordered 

triples of real numbers and the set of points in space* 

(a) If a point is on one of the axes, at feast •? of .its • 

^ ( how many) 

vTv* •'-GO'^r^iinates i^(are)0. * 

(^) '''i^^.'/j^ '^i?^?-^.'^ is in one of* the planes determined by a pair of axes, 
at' d^^g.t^ ■ ^'^4:? of its coordinates is (are) 0. 

.(c.)>:; I^f a^0^^^^!^^:one of the eight octants, then. ?' of ±ts^ 
'^^^ ^''^'fjpjrdtm-t^*-^^^ 0.- ' ■ . 

Fo .below, describe where the point lies in 
xWdM.'^f^p^^ system. 

. Exampm^ r^Mr^^ 0 > - 2 . 0 ) . is on tjie Y-axis. 
■ ■ . p:;^-. ::*-^ (5,0, -2)_ iG in the XZ-pl^ne . 
' ..■ (-3,5,-1) is in octant- VI. 

(a) (0,0,3) (d) (5,-3,-1) .. • , 

(b) (-2,3,0) (e) (-5,-3.-1) - 
■( = ) (0,3,-3) ■ ■ (f) (5,3,-1) ■ 
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17-6. ' Distance Between Points in Space • . 

We should recall here the distance formulas that we have found for two 
ijjoints on a line and for two points on a plane. 

... Exercises 17-6a 

(Class Discussion)- 

1. If and" P^ are. two points on the nuniber-iine, with coordinates 

and x^, respectively, then P-j^Pg ~ ? Sinc^ 



r — ^ — ~ • ■ • 

/ (x^ - x^). = Ix^ - x^l we could write ^-^2 



2. For points "^i^^i^y^^ '^2^^2'^2^ ' ' t\fo points in the number 

plane, '-^1^2 " ^ -'^ both points are on the x-axis/ 

^^ ~ ^2 " ? t so the distance becomes ? If both are on 
the y-axis, then P^P^^ ? . 



Now 



think about two points in space, ^i^^i^^i^^i^ -^^^^ 



^2^^'2'^2''^2^' 

(a) -If both points are on the same coordinate axis, at least two 
numbers in each ordered tViple have the value ? For 

• example, if both are on the Z-axis, P,^ = (0,0,z^) and. . 

^ .P^ = (0,0,_?_), henc4 P^P^ = ^ (z^ - z^f or | - ,.z^| . ' ^ 

(b) . If both. points are in the sam^ coordinate plane,' at least o 

number in each ordered triple is 0; for example, if both 
are in' the XZ-plane,. ; thei| both y ■ and ? are 0, 

SO P^P^ = ? > 



(c) Following this pattern: 



Points Distance P^ P^ 



. On a 



line. P^(x^ ;, Po(x2^ ' ^ (^^ " -\)^ 



- ^ 1' 1-1" (^2-^ ^1^ ^^2 ■ ^1^' 

W.at do you guess that the formu^^^ould be x'or the distance 
between ( x^,y^, 2-|_) and ¥^{yi^,y^,2.^)^. 

. - . , : . 
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In order to verify, our guess concerning the formula for P P^, 
given P^(x^,y^,z^) and V^iyi^^y^yZ^) , let us look at this figure, 




Which we ca<i imagine as a box with P^ and' P^ at diagonally opposite, 
corners> and with efiTch edge of the box |)arallel to^ one of the coordinate 



From.geometry we c^ show that, since P^ is perpendicular to two 
lines in a plane parallel to the XY-plane,' P^- is perpendicular to. any 
other linQ through _ A and lying in the plane. Specifically, P^ 1 A^, 
hence A AP^P^ is a right triangle, and P^F^ is the hypotenuse of the. 

triangle. • " . • 

■. ^ ■ - ' ■ 

AP^ is parallel tck the ' Zraxis, so we use the formula for distance 
on a line to compute 

,(AP^)^ = (22 

AP^ ■ lies irj a plane parallel to the XY-plane, so we use the 
formula for distance in a plane to coftipute , 
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For the' right triangle AP^Pg, usiriig the Pythagorean Property, we 

write . 

Exercises 17 -6b ? ' ' 

. . 1. • Find AB, given: 

(a) ,A(l^,-l,-5); B(7,3,7) (d) A(3,l^,5); B(8,l^,.l)' 

(b) A(o,i^,5); B(-6,2,8jt. . (e) A(o,l,o); B(-l,-l,-^) 
(=) A(3>0,7); B(-l,3,7)' (f) A(l,2,3); B(o,o,o) 

2. * Show that : A ABC with vertices A(2,l^,l), B(1,2,-2), .. C(5,0,-2) 

is a right triangle. ' 

3. Is the triangle with vertices A(2,0,8), B(8,-l^.,6)y c(-l^,-2,l^) 

isosceles?, . Justify your answer. 

4. Determine-lf A ABC is equilateral, given: % \ ' 

(a) A(l,3;3), B(2,2,l), C(3,l^,2) • 

(b) A(6,2,3), B(l,-.3,2),. C(0,-2,-5) . . 

5j Show that the opposite sides of the figure ABCD with- vertices 

A(3,2,5), B(]^,l), C(li-,0,3), D(6,l,7) are congruent. 
.:- -6.,- Giveri P^(2,.3,5)' and P2(5,3,-l).' ' ' 

' (a) Find P^Pg • 

(b) The axes are translated so that .the origin moves to the point 
whose coordinates are (2,0,0). What are the-new coordinates 

. of P^ and^' P^'? 

(c) The axes are moved again so that the origin is at the point. 
whSse original coordinates were (2,-3^0)' What coordinates 
do^/P^ and P^ now' have? 

(d) A final -transliation of the axes takes the origin to (2,-3,5). * 
Give the coordinates of P^ and P^ under this transformation. 
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For P^P^, we- have formulas for finding tlie coordinates of its 

midpoint M, if P^ and P^ are on the number line or are in the coordinate 

■ plane. . 

■' * ■ * • ■ ^ 

\ ' ' \ , ^ Exercises 17-6c . . " 

(Class Discussion) ' 

1. Given P^(x^) and P^Cx^), tvo points o__n the number line , the 
• coordinate of M is * ? ' . • 

2. Given P^(x^,y^) and ^2^yi^'^2^' two points in the coordinate 
■£lane, the coordinates of M are given by\;^he ordered pair 

( ^ - ? )> • 

3. What do you guess the coordinates of M -would be if ^x^^'^^l'^l^ 
■ and PgCxg, 72^2^2) are thought of as. tvo points in space ? 



The fact that the coordinates of M. are, as you probably guessed, 

. ^1 ^ ?2 ^1 -^^2 ' • ^ ■ ' ^ ■ 

V 2 ^ 2 ^ ~^~2 ^ might be proved, using the figure' shown here. 



as follows ; 



AssiJrae that M is the midpoint of" '^•^^2' ' ^^"^ |1 AP^ and^^ 
MR II AP^, , as shovn, 'with N on and R on AP^. Then N Ts'^'he.' 

midpoint of segment AP^ ^in the ^'Z^-plane", which' is parallel to the 

XY-plane, and aR is the midpoint of AP^, a segment parallel to the 

Z-axis ... . - ^ . . ' 

• ■ ^1 ^2 ^1 ^2 ■ ■ 

*. N has xy-coordinates .(- — , ), and since MN J_ AP^ 

at. N, these are also the xy-coordinates of M. 

^1 ^ ^2 " ■ 

R has a z-coordinate ^ ^ ; which is also. the z-coordinate 

of • M, since m J_ AP^ . 

^1 + yi + yp 2: + z 

Thus M is the point — - y — y -"^^^ — -) ' 

Exercises 17 -6d 

1/ For each of the following, find the length of AB and "the coordinate 
S>f the midpoint of AB . , 

.(a) A(o,ii,5); B(-6,2,8) ; , 

(b) A(3,0,7); B(-l,3,7) ' . ^ 

(c) - A(0;0,0); . B(-i|,6,-3) ■ 

2* The coordinates of the midpoint of a segment are (8,-V/l). -If 

the coordinates of one end point of the segment are {k,-l,^), 
fln^^he co.ordinates -of the other end point. ' • ^ 

3« . (a) For each of the following find t;he 'lengths of the sides of the 
triangle : ' \ 

A ABC .with A(5,9,ll); B(0,-1,-1|); C(5,-ll,l) 
A DEF with\ J){k,3,-^)} E(-2,9,-i^); -2,3,2) 
•A GHJ with G(2A,2); Eik,^,h); J(k,2,l)- 
(b) For each triangle in part (a),, answer each of these quastions:. ■ 
Is "it a right .triangle? , * 
X ^ Is it an isosceles triangle?- J ' 

Is. it an equilateral triangle? . ' • 



. Recall -il^t if AB + BC = AC',' then A/ .B, and c"' are cbllinear 
points, mith B "between A" and C. \For each of the following 
decide whether or not^the points are cbllinear and if they are, 
which two are the end points.', \ • , 

.(a) A(3,-2,-7); B(6,U,-5); ' C(l2,l6,-l) v " * 

.(b). A(l,2,5); B(5,-10>1); . 0(3,-1^,2) > " 

V (c) A(0,l^,3); B(l,6,l)) C(-l,5,3) 

^ ■ ' ■ .' 

(d) A(l,2,lv);, B(7,-Z,22); 'c(-i;5,-2) 

5. ■ In Exercises 17-6b ypu , showed that if the vertices of the figure 
.ABCD are A(3,2,5); B(1,1,1), C(l|.,0,3), and D(6,l,7), 
then the opposite'- sides are congruent ^- Now deci^ wjaether 
. ' ■ A, B, C, D are coplanat by finding the midpoints, of the. diagonals 
AC arid BD.. ^q)lain how this helps you' to decide. 



.17-7." Algebraic Description of Subsets of Space . ' • 

The use of ' an ordered triple to describe a ppoint by .stating its 
position with respect to three coordinate . planes can literally add a new 
dimeijs_ion to" our thinking. For example/ consider' the set of points for' 
which the sentence "x - l" ' is true. Beffore we can, describe the' points, 
we must- determine the larger set from which 'our set of points is to be 
selected, ^s it a line? /or a plane? or al], of the points in. space? 

Exercises 17 -7a { - 

* • • f. *** .. 

• (Class Discussion) • ' 

1« - Describe these, two sets of points: 

(a) (x : X = 1) . . ■ ■ . * 

; ■• (b) (0^,y) : X = 1) ^ . \ ' " . ■ ' .■ 

2, Consider .this sei: . . ^' 

- {(x?,y,2) : X = 1)* . 



(a) Here we are looking for all tbf the'points in space |or which th^' 
^ first coordinate is ? . ' ' ' . • ' . . ^' 
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(b) The p^dints we-w»rit will alJL lie in the same ? . 

.(c) The plane containing the points is parallel. to the ? 

.coordinate, plsme, . as represented by ..plane P in the sketch. 



Z 




(a) If we mean, the set of points ^n the number line whose distance 
from the origin is -3 ■ inches, we can. describe the; set by the 

. notation {-3,3),. pr by [x : |oc | = 3} or by 

• ■ / ' ' {x : x^-= ' ' r . ' . ; : 

The graph of this set consists of " point(s7. ■ \ * 

(b) If we mean the ;set of points _in the coordinate plane whose 
distance from the' origin Is 3, we recall the distance 

fojTOXila, / (3^2 " ^1^^* ' ? . Sirjce one point is the -origin-, 

we can write V. ' • •. " ' 

or • . ^ . 

■ For the set of points for which the distance as 3-. we could write 
■ / f (x,y) : X + ? = ? ] 



€4f 



.- , • / $^Ph ^^"^ a^ircle with radius • "I and center 

*at the ?,yy /' • * 



fir 



I^'ij^e ^^^^ th^*'set,of p^nts^ in space 3, inches from the origin 



..w^--vrite 



The 



this set- is ^ T with radius ? 
center at the cyigin, 'V^/ 



and 



Describe each of the followirig sets' as ' definitely as possible: 
(a) {(x,y) Cx^ + yl'-^l i^) * 

JThe set consists, of ■ 
■ all points in the ■ 

coordinate . ? 

whose distance from 
• the origin is ? 



The graph of the set 
is a ? ,with 
* cerrter...at the ,? 
as shown in the 
■ sketch. 

♦ ■* 

The set consists 
of all points in: ■ 
? whose ''■ ' - . 



. distance, .from 
the z-axis . iS' , 
- • The A 
graph 'is a * " 
cylindrical sur- 
■face perpendicular 



to tl:;^ 



? - -plane 
- — 4v 
wh'ose intersection ' 

with, th^ plane i,s 

a ' ' ? of ra^isus 

2'?^- as. shown in the 

sketch. * < 





Exercises XT -7b 

Descri"be each of" the following sets as definitely as possible; . draw 
graphs as directed. 



(a) 


(x : X = 


■3)° 






((x,y) :■ 


X =■ 


3) 


(c) 


((x,y) : 


X + 


y'= 3) 


Ca) 




r X 




(b)- 




! X 


+ y. = 3 


(c) 


((x,y,z)' 


! X 


+ y 1- 7. 


(a) 


f ■ ■ 2- 
[x : X = 


2}. 










2) ■ ■ 


(c) 




2 

: X 


= 2) 



Describe each and draw, the graph. 

(a) {.(x,y) : + = 1) , 

(b) ((x,y,z) •: + = 1) • ^. 

'2 2 2 ■ 

(c) ((x,y,2) : X + y + 2 = 1} 

Describe each and draw the graph. 

(a) (x : X > 5): ^ ' ' . .: 

(b) ((x,y)^ : X > 5) 
(0 ((x,y,2) : X > 5) 

Describe each and draw the. graph for (a) and for (b). 

.il - 
ia) {x : -1 < X < 3K 

(b) {(^c,y) : .-1 < X < 3 and -1 < y^*2) 

(c) {(x,y,z') :^-l'<x.<3 and -1 < y < 2 and -3 ..< z -^'s) . 
•^^•^ The graph for (c) is: 




17-8i Sunnnary 

Section 3.7-1. 

. ■ The sloge of a nonvertlcal line Is, the value of m in the ' 
equation of the-- line, written in the -form y = mc ,+ b. 

The slope of any horizontal line Is _0.. 

• ■ ■ The equation Of a vertical line cannot be written in the fo^m 

. y = inx + b. No slope is assigned tp a vertical line. 

■. •: If two points on a nonveAlcal ;ilhe are known; the number which 
- • Is the sao£e- of the line is given by the fraction ' ■ • 

' difference of ordinates 

difference of abscissas * • 

If Pi(^i>yi) and are two points- on a nonvertlcal 

line, then the slope m of is ' given by the formula ■ 

. ■ m.^^^-I^ 

. ^2 - ^1 ' , 

If m < 0 the line slopes, downward from left to right; if , 

■ m = 0 . the line is Ijorlzontal; if m > 0, the, line rises f^m left 
to right. • •■ ■ ■ 

.If the slope Of a line and' a single point on the line- are known 

■ the line can .be located v^iy. quickly. If the slope is positive, more 
points are located by moving "to the right and up"; for a negative 
slope, move "to the right and down". 

The point Where the line Intersects the Y-axis is called the ' 
intersection of the line; the value of ^ at this point is called 
the y- lntercept . 

The form y = mx + -b is called the slope- interceTJt form- of a 
.y. linear equation because the number m is the slope of t\ie line and • 
the number b is its y- inte|pept . 

. Section 17-2, ' • 

— I ^ 

An equation of a -line can be written, given the sloee m and the 
coordinates (x,y^) of a point , as follows: 



.to. 



(1) Substitute^ m-, , and y^ , m the form y = mx + b, then 
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■ ■ . •■ ■ ^ , ^ 

(2) solve the res.ulting equation for b, then 

* (3) substitute m and b in • y = mx + b. 

If tVo .points are known, the slope can be computed from the 
coordinates of the points; then. an equation can be written as described 
above. 

An alternate way of , writing an equation of the line throiagh 
P(x^,y^) with slope ra is . ■ ' 

y - y-j_ = ni(x - x^). 

. Section 17-3. 

The following theorems are stated and proved: * • 

Theorem 1T-1 >' The grapk oT any equation of the form y = inx + b^ 
. . ' 'is a^st^c^lght . line^ ■ 

Theorem 17-'2'. Two '-hdnvert^ic^L'i lines are parallel if and only if 

" — \. . - ' • 

they ■ have the s&me slope.. 

. Theorem 17-3 . Two' nohV^rtitt^J '^^ 

only if the produci! of^ythfeii-^slb^ is -1. 

Section 17-^* . ^ , , . . 

A shift of either or both of the coordinate axes such that the 
X-axis remains' horizontal and the Y-axis, remains -vertical is called 
a translation of the axes. , 

A property is said to be invariant under a translation if the 
property is the- same after the translation as it was before. 

Invariant properties under translation of axes include 

(1) distance between two points^ . " 

(2) slope of line, -. . ' . 

(3) parallelism of lines, ■ ' , 

' perpendicularity of 'lines. . 

Coordinate proofs of many'' geometric facts are possible, based 
on the Distance Formula, the Midpoint Formula, and the three theorems 
listed in' Section' 17-3. 
' . ♦ 

.'') . ' . ■ - '■• ■ 60 , . ' , - 



• In writing a coordinate proof, we begin by v^. 

. . (l) placing coordinate .axe?^ in the plane of th^jt±^r^: in ^ 
that makes it easy to assign coordinates :.tc>';^'0^:f|^^^^ 
the figure, and. . i ^'y ^; 

(2) using known properties of the figure to^ ass.igi^.^^q<p'oifa^ 

to. other points in terms of the coordina.1:;e^-''art^a*c^..-assign'0^ 

Section 17-3. • v'^' l^A- 7^ 

. For points in space, a coordinate - sy s t em d on3 i^s4 s . q f ' . ^t feee 
coordinate axes ,- mutually perpendicular; a point 'ds;';ii^s^d^^^ 

- ordered triple o f numbe rs . ; ' .. ' • . -j -.^ * ; . f:".' >■ • ; . ■;. : , 

The three coordinate axes, takea" in pairs^- . dti^6rmlne'- three '; : • 
. mutually perpendicular planes . : ' 'v.; -;v : ! 'j ?>\ ' % • » ^ ; : 

Section YJ-G. * '^ - . ^ ' \: ^z-; '^^' Y '-^^^ 

If ^ P^(x^,y^,z^) anc^ ^2^^2'^2^'^2^ •V^^'^^^.^PP^ ' 
space, then • . • ' \ • ; ^^ .'• v 

(1) the' length ':pf ■ •^^ "''^(^2^^ 

- • (2) th^ mldpbint. of P^P^ . is . • :'^' :^f:'-'2;;^^^ ' 

Section 17-7 *• .-^ ' ' ' . < -'^ -'iV^VV:/^^ 

Before we Can .de^cri'be the set of/.IJolntfe^■^*f.6r: which/a:'^^ 
containing led's--' than three variables is :;Vt;i^^>^'>^^^ the 
larger set frpTrj whith/ our- set ,bf Jpoints':'is;'.t ' 

Foi; exara;giej * • ^ .if.* .' 



Chapter l8 
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PROBLEM ANALYSIS ■ 

." •■ . ■ 

18-1. Some " Mysterious Mathematical Powers " 

■ How do people make discoveries? Is there some mysterious pijbcess thait 
leads them to the solution of problems in mathematics, nuclear fission, rocket 
design, conservation of natural resources, and the like? As you may. know, 
t.here are no simple answers to the^ above questions. However there are some 
approaches to problem "analysis which can be helpful in organizing your 
thinking, -and which are easy to learn. We will disduss many different problem 
situations in order to illustrate and develop some strategies that can be used 
.. to help solve problems, but we. wi^-■ hoV "tje' :overly cbncerned with the complete 
solutions for all of these problems. ' * ' 

Some of the following situations may be surprising to you. We hope'tO'' 
illustrate the power that one can have when he knows how to translate verbal 
statements iato symbolic statements. The techniques introduced here- will be 
useful in the analysis of many; different kinds , of problems . If you learn'how 
■'to analyze ;bhese situations, then:you should be able to write directions which 
■ will "foirce" someone to reveal-^ to^^ybu 'such .things as his age,' how much change 
he has in" his pocket, his address,' and the, like. For example, using the 
following instructions,' you can "force" him to get a particular number for an 
answer. Try It out for yourself. 

■", ' (1) Choose any number, other^than zero. 

'v;, ... (2) Add th ree to the nuifl^fer. *' 

,SV*S, r ■ (3) Multiply th^ sum by. two-. ' , . ' 

■^xfe^V ('^0 Subtract six from the product. . ■ • 



(5) Divide this difference by the original number. 



Everybody's answer will be 2, regardless of his. choice of the begin- 
'-ning^ number? -Why is ^this true? Let us see if. we can analyze the 'situation, 
v.-'^:^.',/Va5i<^^ perhaps learn how to create a set of instructions which will. give as an 
■•;V!r answer any number you may want. 
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■ # Exercises l8-la ^" 

• * , . ' ■ 

" ^ (Class Discussion) ' " * 

Suppose that we let^ N represent a number, N O. 

(a) 'Describe the out{)Ut of the function f : N + 3. . ' 

(b) Describe the output of the_^ function .. g : N ^2(N + -3). 

(c) Describe, the output of the functip.n ' Ji : N ^ 2(ll + 5)'-. 6. . ' 

(d) -Describe the output of the function j': N ^ '^^ ^ . 

• ' . N ■ 

(e) 'Simplify the expression 'vhich is the.-output of the function j. 

(f) -If: N is a -number '.and N 0, then what nmber will the' 

" /» . , ■.',■■«, 

-'■expression in the output of j always • represent? Do you '^ee .■. . 

why the trick works? - ■ . • 

Follow these instructions: • . " 

(1) Multiply your -age, in years, by four. - ^ 

(2) 'Add ten to-.the product.',of your age and four. ^ / 'i- 

(3) Multiply this sum % twenty-five. 

• ' (4) Subtract the number of days. in. a year, (365), from the 

product. ; - : ; ^ • 

(5) Add the amount of change in-your pocket (less than ^1.00.)*; 
to this dif ference. • ■ . ■ • . ■ ' . • ' 

(6) Add. 115 to this. sum. 

■ The -two ^digits, on the right will rep5resent the amount of change, and 
.the. remaining digits on the left' will represent your age. If you 
translate the above' instructions, as in Exercise l,-"'this t ra~n"s^Ia'trdn 
will' help you understand why this puzzle a^lways works . Let A 
representv.an age in years and C an amount of change less than 
^1.00. ' . ■' ■ 

(a) Write a series of functions, 'like those in Exercise 1^ whose 
outputs 'can be described by the instruction^ listed above. 

(b) Simplify the expression in the output' of the last function. • 

(c) Did you get lOOA + C when you simplified the expression in the 
output of the last function? . ■ 
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(d) Why is the ones digit of A in the hundreds place of the final 
answer? ' V/hy is C ^ in the ones*. place or the ones and tens, places 
of the final answer? ' ' 

(e) . If C was a dollar or more, 1^hen what effect would this have-on 

the hundreds -place of the final answer? , ■ 



• \ 

.In.-Exercise 2 above, if you ask someone for his answer before adcfing 
115 , and then glo this addition mentally, it will appear' that you have 
"mystical" powers. Actua.lly .your powers will have a mathematical foundation, 
but this may not be apparent tO; your audience. However, we hope that, you see 
how the process of "translation" helps you- to' understand the situation, and 
to see why. the number "trick" works. Translation techniques are of consider- 
.able importance in the understanding and the organization- of many problems,:!- 
and we .shall use them as a basic problem 'analysis strategy-. 

/, Exercises - l8-lb 

1. Show, using translation techniques, that by following the instructions 

below you can cast a "spell" upon a person. .No matter what number he 
chooses, the "resiilt ■ of following the instructions carefully, will, 
always be the. "lucky" number J- '\ ■ 

(1) Choose a number. 

* (2) Add three to the number. 

(3) Multiply this sum by two. . 

(k) Add. eight to this "product , . 

(5)^ Subtract twice the original' nimb^jT from this siom. ' 

(6.) Divide this difference by 2. ^' 

,2. .Cast a "Halloween" spell on a friend by writing .a set of four or more 
instructions which will always result in the "unlucky" niimber' I3 as 
the final answer. Use translation techniques to show that your ' 
instructions will .always work no^ matter what niimber h^, chooses. 

3. If. B' represents the number of the birthday month, "(l for January, 

2 for ^e-bruary, etc.), -^and D represents the number of the' day of 
the month, then show that the following instructions will enable you 



. to determine a person's birthday. * ■ " 

• (l) Add 7 to the^number of.. the birthday month. . * • >'^' * 
■ (2) . Multiply this sum by' 20/ 

(3). Subtract from this product. ■ 

{S) Multiply this difference by^. 5, ■ . -p f.^' ' 

* ■ ".i 

■ (5) Add the day of the birthday month' *to this product .■•;V ' . 

Mentally subtract 5OO from. the last sum. The last ^wo digi'ts on th&'j' 
^ . right will represent, the "day of the month and the digit, or digits d$ 

the left of the nu&eral w^ll represent the . number of the month.. ■ . ' • 

hi ■ ■ Pick any three consecutive numbers. Add them together. Divide that 
sm^ by three. Subtract one from this quotient. . Show that the result 
... 1 will always be. the' first ^ of the three ^consecutive numbers chosen. 

5. Show why the . f ollowihg number ■ "trick" a].ways 4f6rks: Write, down your 

house number.- (Omit any fractions. )^ Multiply.it by four. - Add ■ 
■ ■ " . . ; ■ - ■ ■ ... 

twelve to this product.; Multiply this sum by twenty-five. Add your 

i.^, age. to this -product. Subtract 365, the number of days in a year. 

. Add 65. The tens and units diigit of f your - answer will give you your ' 

age; and the 'bthet digits will represent your house number. 



18-2. Translation of Phrases ^- ^ ■ . ' / ■ 

Problems can oc6ur in raanyjs^.'&if feren;fc forms and*' they are.mot losually 
well understood at first, In fac^, one significant activity in problem 
analysis is the process - of determining what important questions are really 
involved in the problem sl;tuation. However, a major step toward the analysis, 
• and eventual * solution, of many problems' is the translation of the problem 
into' a convenient form which will perraif^some manner of "organized analysis. 

Many of .the first phrases that youWll be asked to translate will be . 
quite simple. However,, we will use the: translation of, these simply phrases 
to Illustrate the skills that are helpful in the translation of complex 
sentences.. .\' 

Some of the things that are useful to do when translating a phrase are: 
(1) to identify . each variable, as representing an unspecified number. 
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(2) to state, ^as completely as possible, what each variable' represent 
(e.g., X . represents the niBuber of dollars in the cost of a 
bicycle), , .• ' ^ . ■ v 

(3) to identify any' basic operations that are suggested in the" 
" , phrase, and * ' - " ■ . \ ' 

{h) to- identify all functions in the phrase and clearly describe 
the outputs' of these functions. 

In the following exercises you are asked to translate, from mathemati- 
cal phrases to English phrases and from English phrases to mathematical 
phrases. We hope that this process will enable you to see the frequent need 
for a detailed step-by-step analysis of problem situations. 

■ Exercises l8-2a 

(Class Discussion) ■ , 



1. Given the function:, .f ; (r^ w) R - ^ W . ' Translate the expression 

■.which is th^.. output into an English phrase by completing jbhe following 
' steps : 

(a) In the output of function f, we will assume that . R and W 
are name s^ for 1. 

_ ■. - (people, numbers.):' ^■ 

(b) The phrase ^ W" represents th'^ ? of . the numbers 
and W . ■ 

(c) The, phrase R - represents the _^ ? ; of the ' 

n ■ (sum, difference) 

■two- numbers* R. and -r W . 

. • \ . . ■ 

(d) Usioally we find that .variables represent numbers with more < 
meaning attached to them. If R represents a number of right 
answers a student got on a test, then can you describe W more 
completely? If possible, do . so. 



'(e) Write an English 'translation of the phrase which is the. output 
of the function' f : (R, W) R - i.W where R represents, a 
number of correct arjswers a student got on a Multiple choice 
test and W represents the nianber of wrong answers, he got on ./ 
the same test . - ■ • j 



2^',''' ■ ■ Find ,a fimction^whose output is described by the following English 

■■, : .' • '/\ ■ , .' •.. • ••: ;". ■ ,. .' 

... .phrase.: 

"For a typical: student the total- daily intake^ in grams, of^. 
■ vitamin A and vitamin B, if the vitamin Be intake is thi^e 
• '• times the vitamin 'a intake/! ; * 

*■•.* « (a) ; If K; re presents, a number of grams of vitamin .A \ consumed by a 
. typieal student, then the output of the. function ' 

; s ■ ; •:; . . ^ \ g r.K -> sk ; ' • . ^; - . 

V. ; ,■ can be described- as •; . . 

• (b). / The Vord "-tptal".: hei-e iudi-c.ates >the operation of. addition. ' 
• Therefore a. function; yhOise^ output as a mathematical 

,.: ^ model ■&i*-'the--E^^ p-i-oblem is: 

. 3* the .'following, thp -word; "translation" is used .in the loose sense,. 

. '.meaning that; each of ■ the symbols; for - the .operations of addition, 

■subtraction, •..multiplication, and .to. a variety- of • 

cbimaoniy^ .used. EngHsh phrases/ each example write two additional 

- . phraseb- that ;mlght lead to' the indicated operation.' ^ \ . 

'■:• ;( a), , The gyralpl/' "+" ^ - in -a phrase .1 "a + b" , is sometimes 
' . \^ : .'•.translated'* "the V sum 'of "^ ..^^^ • < • 

'(b) The symbol , in a^^ phrase/' like "a'- .b'! , is somfetimes 

- translated "decre.ased by.:" • ' /' ■ ^ ' . 

(c)' ".The symbol ' "•",./; in a phrase, like . "a • b", is sometimes 
translated ''the- product of "..' " *, 

y ■ (d) The symbol "~--~" in- a. phrase like .; "-|^"., • is sometimes. ; 

translated "the- quotient 'of " , / ; • 



We are asking'you to translate phrases in tw9(j?:directions. /We intend 
this, to be a first step toward the precise tranSlatioW- necessary, '• - , 

(1) to construct a good mathematical model of a.problem sitmtion, ■'and 

(2) , to interpret verbally your Qonclusibns from 'tftat model.:- • ' v 
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■ Exercises .iS-Sb • v^. ■ ^. ; 

. Write- an English phrase which":^ describes thfe outputs mentioned in the . * 
.. functions below. State clearly what each variable represents, in. your 
.'translation. (Exercises/1 through :3.2. ) 

' 1.- f : t ^ 60 t ■ "7. f : .(d,;r) , r / 0 • _ . . 

2., f :'".(L,W) -^2L +..2W • ' • 8. f:T,^(2) (3.1^^16) r ' -^'-■"l' 

3.. ^ f : d -^■(3.U> d _ ■. . ..^'9. f : <'i,wj -^i . . .^^ 

-■ k. f : Cb,h) ^1 bh 4 XO. t : (a,b,c) ^a + b + c ■ ' 

... 5. . f : s ^ s^ ■ . ^ . ; ■. ,11. ■ f : (x,y) - 2y 

*■ . ■ • • . . ^ _ ■ . ^ ^ , . . . .-^ ^ 

■6. .. f : (p,r,t) p T f- ' t;, . 12^; f : m/i^tn - 5'. v' - ' . 

•■ . \ . \ •• . -^ -"'r'. " •; ^- •, . •,, ; -^^ ■ • 

In each of the exercises determiue a function^ who's^e output could , b^ V / • 

described by the given English phrase, v Identdfy cle^ly w^t -the given . 

. variable or .variables, represent.' Choose^a variable if none' ?is, given aM'' 

• use only one variable unless directed to do .otherwise . (Exercises 13 through. i '. 

.18-). ' ■ ■ ' ■ ' .: ■ ' ' ■ y.-^' ■ 

■ a3. ■ ;Q:^e.:nuinber of dollars earned in - t .hours at ;three doMd^rScgn hour.. ' .• 
I^t..^ /Tbi ; number of - yards in . 't fe^t.^ ' ' , . ■ ' * ■ * 

15. The average of three test* scores , x^ y" and*~ 2. ■ , . 

Id. The sjum of two consecutive integers. ^ 

•17* The; product of two^- consecutive even; integers . ' ' ' > 

18. • Fifteen inches "more' than -twice .the number of-°inches in t^e length' of ' a • .jag 
_ rectangle. . ' ' 



18-3. Translation of Sentences 
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' You have found solution - sets of sentences ' formed by combining 
mathematical phrases, such as • "3n +. 1,!'; "2"/ ."25 - 7"/'; etc'., with. 
■jfcathe.matical verb .forms like • "a", ">"; ■"<". ; We' find that many times .Cv ; 
-one. o,r two math^lnatical sentences can. serve .as a model of a problem- situation " . ^■ 
which takes several Bigli-sh' statements to describe.,. ' > 

• .•. Consider the following sentence:'^ ; ' • . ' 

' .- _ ^. ^•■ .' 35x +'-.(7P)(.i^o)\= 56(x ' . ■ * ■; ■ 

;■; •' ■ " ■. ' ^ • '•.,65 ■ '• • ' • ■ . 



r'^j^nslating this sentence into • English i5^y^ke;-.writing "a story -when 'you know 
the" ending. Let's see if we can work backwaf4 "and write a problem;^fwhich is" 
an English translation of the- "sentence. , . - .J"*' ' ' • 

In the. above>e«tence it ^is pps^i^l^ t^'i^^ntifV several different 

funC:tions. It is usually h&5l^iW^-*^describe the of these functions. 

• ■• c . ■ • . ■■ ■ ^, ' 

'f : X 35x • . . • ■ h rVx-^x + hO . '\ . ' 

. -g :. X 35x +-(70)(1|0) j :. x'7*f0(x +^%0) 

The first thing we need to do' i^ order to interpret the output of. any o 

of these functions' is to agree upon wha-t the variable x represents. Let's 

• ?? ■ 

agree to the following statement, as one interpretation of the variable .AC 

■ ; . . ■ ^ ■. 'i - ■ ' ■ • 

• X represents a nvmiber of. ounces of gold in a compound." 
, ■ ■ . . ' - ■ ' 

.(It is only, fair to poiht pfc. that we. may have* to reyise 

- ■ ■ 4* V ■ • ♦ ■• • ■ . .-^^ . 

. and clarify this statement as we become' more ii^yolved ±ti 

. ' • the. problem. ) ■ " ■ ' . ■ , ■ •. 

We als6 need ^be^agre'e upon what the numbers" 35, 70, ' kO ^ and 56 . 

represent. Suppose thatiN^ ■■ , . . 

^ ■■ ■ ■ , ' . ■ , . ' 

• ■ 35 represerjjss the cost,, in dollars, of one ounce of gold) 

A ]|0 represents the number of Q-unces of platinum in the compound^-^-^- 

. • ■ ' -■ ' " '\ ■ ' ■ • ^'^ ■ • 

■.tj,. -TO' represents the cost, in dollars, of one. oimce 6f platii;ium, and 

50\ represents the cos*t, in dollars, of one oiince of the mixtur^- 
of - gold and platlnym. . > ••■ • • • 

' ' . '■ . . _ ;^ 

ji . ,Exe rcises lo-3a 

'* ■< . (Class Discussion) . ' ^ ■ , ". • 

1: / • 'Interpret the output of the fvinction f : x -> 35x . 

2.- ■ ■ What is the interpretation Of (70)(to)? ■ ' . . ^' . 

^3. "Interpret the. output of the- function g : x -> 35x' + (70')(Uo)^' 

interpret" the output of the function h : x, -> x + %0\ " * 



5« Interpret ■ the output of. the function -j : x ->50;Cx 
■ ■ ■■ ■ \- .-. ^* . , ■ . . ■■ift- ■ 

6. Is .the following a possible "translation of the ^^htetlce? .. 

' ' "The plating of a secret satellite .must be a "mixture of pure 

. platinimi and gold. Exactly forty ounces of ' pure platinum - 
. must be used in order for the sat*fellite to perform correctly; 



^ ■ "ji. . Pure platinum costs ; 70*dollars an" ounce, ari^j|old costs "35 " 

y "dollars an qjfnce. • The'^ost^l^ ^th^mi:rture of -platinum' and gold! 
^st fee .r>50 dollar^^nvjifci^ce.;. gov many ounce^^^bf* gold m\ist^^\b^ 
used 'in order to make: a compoun^rhl-ch costs 5Q\. dolla^' an 
■"'2^' ounce?" ^ ^' • - ■ ■ . •" •11^*'" ••* 

7v .Nov try vriting a ^translation of ydur ovn vhe^^re agree that x 

• represents a numbef of pounds of lemon drop|^.. i^ .a candy, store mixture'^ 
*. ' of lemon -drops' &nd' caramelfe . .■ ' ' ' ' 



. In the f<$lloving exercises yoi^^vfl^^^J^i^^ a clear "des crip- ' ^ 

tion' of ■the output of each .indicated^ function 'v^ll helR yoti osgahize the' 
l^nglish trSTpfti^atibn O*" the ^Jven^,-ffiathemati-cal •sentence. Injorder to create 1 
^ a translation vhoee^p^^rts fit together & a?^ reas'^natle^ vay i^ " is^-usiiallo^* 
nece^sa?y to dej^fibe completely a||f^ of the vE^iebtes/^and numbers indicated ' 
in the sentence. In describing the i)utput% of the ■ indicated functional . ■ . 
\ .rel^^ons^ips, you vill ideritify ttes^i/arious indioa^- operations, and 
•interpret th^ effect of those oj^eratioTjg. on, the.' numbersil^nd "variables in- 
: yf)lved. "^a^be sure, many o'?"' the st^s^escribed. above a rd^ ^^entuall^ done.^^ ' 
■ mentally .or , are cSmbined' into a sihg^e stepj,. but" at. this po:^ ve feel that' 
yo^^ vi^l gain some helpful skills and understscndin^s bigiipinvestigating this 
trans latiiOl]^raGess In detail. > ■•'»"■ V ' 

Example . I: Giv.pn the sentence 20 + 'r^r^^ 2k\ a translation could be'^raada 
.... J/OGT' . . . y/W . . . ^ 

■ . as., follrovs :■ ■ ■ . ^ rs ^ : M 



■■ ■'^ ■ ■'■ ■ . * ■ • 

Let 20 ; represent; the niimber of time'l^per m^Autq .that "a, man 

breathes at sea levels ■ ' ^ ^ 
and y r'^preselJit g^nO^er feet ■ a. man is ^bove^ sea ■ level j^,**^ '•^i - ^ 
and- 1500'' represenf.the number of feet o:5:vincrease in"Vltitud^'. 
■ 3 ,; that coi-responds^to an increase of one 'hre^W'fier xtiinute. 

' ^ . . ■' , ■ , 

Indicated Functional Relationshiiis " . Descri.^ations of ^wtputs ' 

- ■ y ~* linnr- - * ■ ' the number of extra breaths 

•■ ■ per minute. a man vill take 
^ , » ' .. " at an altitude of feef 

[ . above sea level." • 
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l/oO "the total number of, breaths 

per minute a inan will«take 
:. ' • ^^t an altitude of y feet." 



in 

h 



i3. 



2k "th^titotal number of breaths ; 

per minute a man will take 
" . " *". at an aititude of y feet." 



Note that the outputs, of function 'g and .function h must be described 
in'^'^fes^actiy the" same, way since the. sentence, 30 + = states that the 

outputs of functions g and ■ h are equal. . ^ • 

• . ff translation" can' now'-'be written: . • •'^ 

"If a man "breathes 30 . times per minute at a^a level arfd 
if he "takes one extra breath per minute fo,r' each increase 
, * y '- ^ of 1500 feet in altitude,, then how' high above sea^level 
/ , will he be if, he breathes 2k- times a minute?" . 

■ ^bcercises l8-3b <» • ^• 

' ' " ■■' -f ' ^ • ■ ..." . ■ ■ 

. Write EngJ-ish translations, in' problem fom, for the following sentences. 

* . ■• , ■ • ' : .1 ■ ■ 
State clearly your choice as, to what each variable represents. . Hhen state 

Vhat ^ach par^ of the sentence represents, - and interpret-^ the output ..of each" 

fxinction ^Lnvolve.d. Be sure that your translation makes sense? . Be creative, 

Sse Vour imaginat ion! ^- , 

'^■^ , ■■ . ■ . ' u: 

Ijj/ -.2if =. 12w^- , - ^ 5^ '1^ + 1^=1 . 

> ' • . ^- -30 50 X ^ . . ^ . 

■2. . i^O = 2b + 2t3^) '6. / (x +^1) + (x + 2) = 12 

3. .312 = (|)(W(n)® . '-'^ 7.. ,iyl=5,;, *- . ' s 



■V, 



Inj^many situations" ;!re also want ..to translate English sentences into 
mathematical sentences. We find that essen£iai;Ly the same things must be 
done to .translate from English sentences to math^^matical sentences as was 
^j- done in\ the translation of mathematical sept enc"fes ±ro English sentenc.^s"^ — 
.: • It fs useful: ^ * . ''^ ' " 



3 * 



(1) to st%te clearly and completely what the variable or 



■ • . variables represent; 



(2) to represerxt carefully .the 6utpuf-of .each of the functions ' 
involved in "the problem situation, and to interpret each 
output. (Note .that this involves recognizing the basic " 

■ .^operations implied in the problem statement.); 

(3) . to identify mathematical verb forms that are .implied in the. 

■problem statement; and 

(4) to be "sure that your translatiqn makes sense'. 

^ The' following examples illustrate the process of translating English 
sentences to mathematical sentences. Read through each of the steps care- 



fully. 



Example 2: '/The distance an object falls during the first second is 32 

■ feet less^>Mn the distance it falls during the second second. 
/. During' the two seconds it falls k8 feet or less, depend'lng 

■ . on . the air .resistance. How far does" it fall during ^the second 
.tf. ^'second?" - 

(l) d represents a number of feet an object falls during the 
second second. 

b * ^ ^ 32 is a function the output of which represents a * 

distance an 'abject falls during the first second.,;-,.^ 

(3) 6 : d -> (d - 32) + .d is a function the output- of which represents 
a total distance an object falls during.^two seconds. ^ 

^ (k) 48 represents the maximum number of feet an object ffclls during 
. . two seconds. A 'J 

(5) The phrase "48. feet or less" implies the verb form " <* 

(6) • The mathematical .sen1?ence could.be: 

N . ■ ■ 

, ■ - 32) + d < 48. , 



^ ' . Check Your Reading 

I. What part of-the written problem-leads to the 'i'unction ili_d^ d... - 32? 

2,. What part of "the written problem leads to the , function . ' ^' 

g : d->(d - 32) +:d? ■ . ' ■-..^ -/^ ■[•■f 

3. What part of the written problem/supports the lise o%:he^ord "maximum" 
■ : in describing the role of the niimber "WV" in th^^Lblem? 



IS' there any restriction on the replacement set of the -variable that 
is. caused by physical restrictions in the problem situation?*' • ^ 



■ . . ' • ■• « • 

Sometimes one of the most difficult parts of' the translation process . 

is discovering the functional relationships' that are involved in the problem. 

The following ^ is' one approach tha;t may help you in this task. 

ExaTTiple 3 : ' "in a. gasoline economy test, , one driver, start ing.with^ the fir^j:' 
group of 'C:ars, drove fgr 5 hours at a certain speed and was 
then. 120 miles from the finish line. Another driver, who set 
Gift ^ater -from the same place with a second grou^, had traveled 
at, ^^he same rate as the first driver for 3 hours' and was 250..'- 

• Miles from the same finish line. How fast were these twO men 
dj'iving? ' ' ^ . " . ' 

Let r represent a speed of a car, measured in miles ^per hour. 

• if you choose a specir^^c input value for.^r^ say 50^ thi^s will 
sometimes help you see some of the functional relationships, involved -in the^ 
problem situation. The resulting arithmetic phrases, the description of 
those phrages, and the implied functional ■ relationships are listed below- 

Arithmetic Phrase Description of Phrase ' Function 

(5)(50) The distance a cargoes in ^ f . : r -> 5r . 

, _ ^ five hours at 50 miles 

, per hcJur. ■ . ' \^ ' 

.(3)(50^ . The distance a car goes in . g : r -^3^ 

I three hours a^ 50 miles - ^ 

%^ >^ per hour. ^■ 

C5)(50) + 120. • 120. miles mqre than- the ' ^ ^ 5t ,t 12a 
, ^ ' distance a car, goes in - ■ ' 

■ ^ . 5 hours at 50' mph. ' v' 

■ ..(3)(50) + 250 250 'miles raore'thah the ' 'k r -> 3r +' 250' 

.... distance a car g(^s. in . ,* 

■ i '3 hours at '56 mph. • , 

• ' • • f ■ * ■ ' ;■ ^ 
. ■ * * .■ • 

The outputs of functions h *.and k cgjn be described . as ."the total 

^ • . ■ ■ . ■ ■ ■ ^ 

distance from the. starting-, line to the finish line... Tlie niathenip.tical .vero 

. ■ ^ "TO- ■ ' ■ ' . " . • 
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form implied here is equality, . Therefore we can write the f diloVing ' 
. mathematical sentence: . . " . » , .. - * 



5r + 120 = 3r-+ 25O. . - • .\' 



" " - . Exercises l8-3c ^ * •. 

(class- Discussion) " ^ ■ •: ■ ; 

Consider the following problem: " - *: • .*■ \- .-, 

"Two cars start from the same point at the':sami:,1iimev.and ..'^ - 
travel in the same direction at constant epeedi? ' o'f ■ 3^^- 
' and miles per hour, respectively. In how niiny hours- ■ 

Will they^be 35 miles ■ apart?" '1 " ■ ' ■ . " 

Usxmlly we let the variatile represent a number that w.e are tiying to 
find in the problem. If we. do this in the above problem, then .wp. can pro-. '.-, 
ceed as follows;* . . ' 

1. Let the variable- h represent ? • \ . ,. - ' 



2, . The numbers 3^^- and .can specifically represent : 

3. ' The output of the function, f : h K^h can.be interpreted as,' r '.' ?. . ^- 
h. The output of the function g : h. 3i^-h can be- inte.rpj^6.-bMV.gis :Z 

5* The output oT^^fc^ function . k i. h h^h - 3i^K .c^n be; int^rpre^^d- t ' ' 

"6., . The number . 35 :wili 'represent - ? ^ 4 . . . . _ . ■ - ;■ ■■■i ; • • 



7. The mathematical verb form implied by the results". of '^qa^l^tio.ns. 5'' in^ 

6 is ? V \ ; ■: : : ' 

8. ^ The mathis^inatical sentence which is^'a^ translation of Vthe ^^^^^ 



that' you describe the, outputs of each of the ' functions . -Inyolved.y.as you 
developi" your sentence, br sentences. • . ■; <■;:,■ ' . . 

1. ^ ■ . A first number. l"s" three more than a second number.. . 3^ie sm of the : " . 
■' . '. ,/ tvo nixtabe'-rs "Is- 'ji. ' -Wfilat" are 'the n\2mbers? :.V' . •. . *. 

2* • •;. car. .;• travels/ 232 ■■. .miii^s • in, ' h hours'; What • is •: the ■ average Speed of 

3 . V .' ■ ■ • An oqd number? ■'which is - i nc rq'as ed by the next ' la rge r c ons e c ut lye • cpdd 
• ■>' ■•/? .niiib€jr-iSv5equ^J.v%to^^^ ^1^^ : What -arq^ the two numbers,? V .v ■ . }■•'['■ 

. ■•■ ■■ ' ■■ . ' ■ • . ;• ■ ..■ . : : ' /V 

ii* .>■.■■';■ i^e^--d^^ of a triangle is^ 2Q more ' ..v 

. , ■ '■■ 'than ; ^tw Jrb t he deg re e mea ^ur 4" ' of . th e sra&l lest angle . The degree ...^ , ; \ ' 
V^;"* mea^ur.^;.af^^^ angle .i^, *.70 • :^ • .The surii '.of the . 'measure^ of the.. 

■.; •v/":r;aifigi£"3..;b -triangle is- . 180^/* .'.■ "^^ 1^ ■ tlij^ raieasure. 'of " '- -^"^^ ---^ 



;of .the.- sinaM< 



ATheia'rea '.^^^^^ rectangui^Tr-^s^pecl lot is- ->5M0^j^^^ The ' 

V-f.";^.!^^^ is* i^wl6e. wigt^.\'.jj';i^ of^ the' lot* 

'-^A ( Eiyltj^ - . Let v ■ r^prese"^$., th? nci^.ar*.of . :^et the width of a lot.) 



2 miles 



■ .A" j-jjp2f' ..rims' ' aiga-;Ln^ ; "i^j^^eaS wi rid^i^r^ohl^'t!^^ "knd ave rages 

V-J)'e3^-'hbur. He.^'^i^^ i^il^X^ running with-. the Wind, arid 'averages . ;■ ^ 

still air (no wind) :y ^ 

'■. ■■ ■ > -^^^-'4'^ ■ ^^:t?P^^.4^ pJl^v^'fte wlndi:-^ . .{Use ,two| v^riab^^j^ writf'e ■ two - . 

.-. 'l\ 'y^ \\Q^:^^ . ! ^ ; ! .. . : ; ■ *, ^! ■ ■ ■. , .. ■ ■. > 

7.;/^ ui|^ .;.Y55»; ^^^. ^s .the jjojallest " 

\ 'V' ' idS'.^thes^^-ihre^ ■ ' .■ . 



;■ . Three ■A.Gonge.Guliive ; odd, 



;eia:5 ^dd^up .to'^, 57. • - 



' .nurabe'rj of' .ttesii' th'xe'^ J ^ 

\ > ; Threef^ ■ cbnse:c.ut Ive. ■•odd;; itjL\e&&^ 

.; ■ o"f ; " t hes e ■ ■ th-tee'^" • hum^i'^,r^'T. .- ^W^^^-^;,^ '■ '-^'Ij. % 



What is the,middle 



"'Mm ' ' 



tee area. •Qfv■iL^};i^a 
, .51? • square'^ inches^^:''^Th^ 
^ length, ■ of . the^^ leases": a;re;^- ' ■ ' 
■ihches".. arid .*:36,\, •'Inc'h^j^/ifv^^ 
■,• •respe<xt iv^ly .v ^ 




What is 'th^ largest 

21^ ; ■ 



is' 



35. 



Us*-- 



11. 



s 12. 



13. 



Horatio Algae built a circizlar^ 
swinmlng pool in his backyard. 
The pool covers an area of 
1700 square feet. . What is 
the diameter of the pool? 
"( Hint ; The area of a circle 
in terms of the radius of a 
circle, r^ is given, by tlie 
formula, A 



JTT^. ) 




:VAs a boy, Horatio Algae sold papers on a street^ comer. He was paid 
1 cent foreach paper sold durtng the week and 2 cents for each 
paper sold on Sunday. During, one week he sold IJOo' papers including 
Sunday sales. He received 22 dollarNor the week. , How ^ny papers 
did he sell on Sunday, (use two variables; write two open sentences. )■ 

■Horatio Lox, a cousin of Horati^gae a'nd a rocket fuel expert, was 
preparing a. new n^ioct.re for an exJeWental missile. He found that ■ 
the amount of ,li,Uid hydrogen must bj.. exactly 17 percent of the ' 
rest...of the secret ingredients.. The'total amourf^^f the ^i^ial fixture 

must be exactly gallons. How much, liquid hyd ^n must^-'be, u^d? ' 



in many problej|^ou :«.st ^1 with the process of. Converting one unit 
.Of measure to another#^e,^are some parts 'of the translation procedure 
Which could help yo. understand and complete the- conversion- from one Unit to 
another. 

^^camElei.: "l^e n^^er o.f>centimeters in one inch is 2.5I. .. Find the " 

. length Of a bar- Of silver, in 'centimeters, i^ the baKis one " 
yard long." V . 



(2) 



(3) 



i represents^ number of inches , in a' bar of silver. 

f : i (2.5l+)(i) is a 'function whoss output can be- described • ^ 

as follows: "the number Of centimeters in i inches". : 

Since there are 36 -.Incheg' iri ■^1. yard, 36 - (-2.5J;)(36) ' , ' 

Hence 91.hk the 'value , of the function for an input of. 36. 
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Exercises l8-3e 

For each of the folJ.oving conversion problems state a function iand 
find its - output.^ to answer the questiom. > • " 

1.. ■ The number of feet in a mile is 5280. How many miles does a runner 
go if -'he runs 11,320 feet? 

2.. The .niwiber of square inches irt. a square foot is ihh,^ How many • 
sqmre feet are there in 7 ^ square inches? 

3. The number of minutes^ in one hour is 60. A car . is traveling at' 

,30 miles per hour. HoV many miles per minute is the car traveling? 

k. The number of seconds- in one minute is 6O- A car iS traveling at 

30 .mph. How many miles per second is the car traveling? 

5. The. number of feet in one mile is^ 5280. -A car is traveling 30 

. miles per hbur. What is the speed of the "car in: 

■•)'■■■ ^ .•■ ' 

(a) ■ feet. per hour? • y ' . ' . 

(b) feet per minute? ' . •• 

' ■ * ■ .' '. 

(c) feet per second? - 

iQ'^- Using Drawings or Diagrams 

It-shp^d be made ^'clear^to you that there are no uhi^rsal -^procedures 
or formulas for analyzing and solving every problem. There are> however, 
some^patterns' of* thought and some strategies which may hel^ you ^to analyze 
' and solve problemc. Each problem situation is usually somewhat individual 
and it will probably require imaginative and. creative thougl^f? to reach some 
satisfactory conclusions^'. • , 

. You have already, developed some ability to' translate ot to create a 
, certain^ kind of a mathematical model of a :given- problem situation. , However, 
• not all models have to'. be in the form of mat;heraatical >6enterices . .You could 

also -use .drawings, tables of data, graphs,' or any^^j^^bi nation of , thes^ and 
.'Other methods which will help organize your ansp^-eis of the problem. 

The following examples and exercises are illustrations of problem 
sit"uations where a drawing,, a .sKetch, or a geometric construction 16 a 



particularly helpful/way .of organizing the analysis of a . problem. It is 
not possible to give. complete list of helpful diagrams, • because each problem 
situation will usually demand a. unique sketch to help:anal-y2e the situation. ' 
.We will, however, discuss a variety of different' diagrams to ehcoumge you to. " 
use a ^^^^^^B^.f^ ^^is method" as you develop. your om problem analysis . 



techniques , 



Exercises, iB-^ar 

.(Class Discus/ion) 

Look at the following map containing six grocer^" stores and nine 
.streets- connecting tfiese s.tores. .We Sheriff's patrol wants tb find ' 
a route that will enable him to travel over each. street , exactly once ,- 
as he checks the security, of the stores and their connecting streets. 
.The Milk Delivery . man is interested- in finding a route .that" will take 
him to each store exactly once, and he. is not particularly interested 
in driving on each'street. ' . • ' • . 




(a) "Find a route, for the' Sheriff . /He doesn»t mind going-past the 

same store .more' than once.) 

(b) Find a.route for. the Milk Delivery man. (He isn't particularly- 
interested , in, traveling over each street.). 

(c) Find a route for the. Sheriff patrol and a .route for. the 
. Milk Delivery man on the '.folldying n^p. 



■(d) Find, a route" fo-r, thfe' Milk Delivery man and a route- for the 
... Sfierifffs patrol on" the following map. . . 




Let^s. investigate some niaps and some possible routes for the Sheriff •s 

patrol. ■.■ , \ . . ;■ ■ 

■ ■ ■■ . ' '^'V- " ■'. . • '■ ■ ' ' . ■■ ■ ■ 

(a) "SupiKDse stores A and E have three streets connecting them with 
store^r B,' . and respectively. 





If" you start at. A. and -J^ravel " over each street exactly" once, then 
■ where does the. Sherif f ,„ end Tiis patrol?. ' Coiild' the. Shje riff start Ut 
B>-'^,.:o.r:- C,- or D? , Could, he start , at E? '* ''- .:V . *. 

(b) ■ If a* ^tore has an odd number of ■ streets c'onnecting it with other 
^ '«stores,. then would you conclude that the Sheriff must start or 

, .;■ end His patrol at that stored?, Why or why not? 

(c) If'there are "more than two stores thiit have an- odd numberof, 

' streets' ^connecting them with othei? stores, then can the Sheriff ' 
, V find a "patrol rdute? Why or why' not? .. * ' . . /' 

s{d).; I)^w another map of the. streets connecting the $ive stores where 
\ ^ . no store has an odd niimber of streets connecting it to other 

Stores.. I's it- possiMe. to -find a route for the Sheriff*,s patrol? 
• ^ '. If you^^^start at A ' .w^g'e must you end?.- '. ^ • 




3.- ■ Suppose that the lengths- of the sides, of bne equilateral triangle are' ' 
■ ■ : double the length3V*pf /the sideg' of -a secorid equilateral ^triangle. How " 
-/'.would you. compare 'the-^area. of the " larger -triangular r^ion and the area 
• • ,Qf"the smller. triangular .region? (Make" a giiess now before you start.) 
Construct two equilateral 'triangles ' as,, described above. • ' ■ 

^ Cb),/Find the midpoints: of the sides of the larger triangle and 
corfnect these with segments. ' ■ 

■•'-•»'•.■ • ■ ' ' • ■ ■ ■* ^ 

: (c)"Nqw, how would you compare the area of the two: original tria^ular. 
regions? How does this compare with your jguess? ^ . ■. 

. (d) Can you justify, your conclusion with a prop^f*^ using SSS, SAS, 
'or the formula for the area of a triangle? If so, do it. 



JBxercises l8-Ub. 



. ■ . ■ ■ , ■ . .. J , ■ . . ■ . 

In each of the following problems pres^int the .analysis of the. informa- 
tion >in the form of a diagram, a. sketch, or ^ construction-. \t is hot*^ neces- 
sary to solve the problem unless you wish to do so. However, y.o,u shoizld ' 
guess an answer, and indicate how the model, you have d^wn would help you ' 
analyze the problem situation. • ' ' ■ . ■ 

1. • • A school is located five blocks east- and' six blocks north of. the home 
of two brothers. The older brother walks four, blocks east- and two 
blocks north to his girl friend^s ' house. . They walk from there one 
block $ast to a .donut shop,, and then-proceed^.rectljNi9 school * 
, ■^/^^\^o\yn^-r brother cuts across vacant 'lots t^' a. poirij/ • , 

* of school and then proceeds' to school . How far does 
-'^^ to school?' ' . , 

assigned the task of " designing a method of building a 
V'-'"bIack box" for- a secret- space project. , The box was^i^l;^ be constructed 
of a highly expensive metal .; alloy .'. The box was ..to be. open at the. top, 
and the .faces were to be- congruent' ^square regions. Since the metal " 
.. " ' . was so expensive, -the pattern for each 'box. had to be stamped out in 
■orie flat piece. • He decided that he needed to know: .- . • 

• . (a) How many, different ways can five congruent- squares be joined. 
■ v." edge to edge? 



/(b)" .Hoy many of. the f igures can be folded so- as to' 'f orm""d .box Vwith .• 
. an open top? . Label the square regipn;,^lch' is the bottom with * 
■" 'jM^the.ietter ■ B. • " . '* ' ' . . ^ ' ' ' ' '■ 

( Hfht ; ' ,Drav, diagrams - repres.enting 5 ^ squares .in .a /rdv;- 4 ' 
squares in a row, but not 5; ! 3/ squares in a 'rpw/ but*." 
not k; etc. ) • \ ■ . , . • ^ • . . 



For- many' thousands' of years 'people have enjoyed working various ki^ds 

of problems. .A'^ood example of iiiis is .a ■ problem concerning the 
•'Konigsberg Bridges, : In the early 17 00* s the ^'ity of Konigsberg, 

Germany, was connected ^by seven .bridges. . Man^' people in the city at 
"that ^irae'were interested in .findirig i-f it were possible to walk 

thro\jgh the city go as to cross each bridge exactly ^once. ^' ^ . ■ 

From the diagranu showing these bridges, can- you ^figure • out ' 
whether or not thi^ can be dene?.. You may be interested in knowing 
tliat a mathematician answered this' question.in the" year .1736.,:' 




. A boy purchased 2i| • fli, o,f fencing - to' make a rectangular-shaped pen 
for his -dog. What* should tVie dimensions of the pen be so that>the dog 
will have the largest. play area? ( Hint : Use graph paper" to do the, 
follo^^ing. ). . ' . ■ *■ 

^(.a) . Draw four different rectangles' with a side or length' k 
■ a;nd ■ 10 ' respectively .and' each -with a perimeter of , 



6,. 7/ 

Be '^iire 



to label th^ sides with their lengths. 



■.!(b) Compare the areas of .these figures by counting the squares in 
. '. each ^rectangular rejgion. ■ . 



,; (c; ..Does there .appeai' to be one rectangular -region vith^ larger." area?' 
. You should be able' to "make -a gueiss. now vhi6h you- will 'bq^ able to., 
• ; prove in. a later/chapter, • * [. 

....-If there are. 3 roads from town.- X' to' t awn" Y, and [h. roads ^.from . 

■ town Y- to town in-hdw many ways may. one 'drivg r^^^ X ^o Z ' 

■ ■ by way of/ Z7 How many. -routes are' possible.. for a 'round t rip/ from ' X 

to Z' , and return? ' , ;^ ■ ." • ■ ■ • 

; .Supposev..Jhe. Calif ornia^'to^ and the Los Angeles :-Dodg^rs^^^^^ 
• ••l-n. the; \^ theJVngels Vin' the fir^t 

iose the series;.' In how mny different vmys can tliis^ o(^ji.f? * (Copy . 
^angl' complete the following tree ■diagram. )'* ' ' - . ■ • ■ ' * "^p" : ■ ' 

^ • Xst game' 2n.d f^ame' 3rd game hth ^ame ' ^th game . 6th game 7th' game "' ' 




",^3-«-5. Organizinp; . Infbrmatilon • in ' Tabular Fci 



rm 



■. f^any^times it.' i£3^' especially ^s^FFixl 
^ fact, suc^ an arrangement is very .Wten ;:h(? 6'nly ef f icl^nt*-way-'oT gaining • 
•^y- inslght^-into the analycis of a'-problem situation.' The following "problem^ 
■i^e been- chose'n because "they particularly emphasize this phase "of p^robi™' , 
.analysis. Remember that a single* piroblem situation' may be analyzed by /ari.o.us.- 
• techniq^uos^ Be prepared to try se^^l, discarding some albng the way'. \ - *" 

• ■ * , , .''^ Exercises . tB~^a ' ' ' 



(Class TH 




: (Exeiieises. l-yi '^•^ The re a re tKre e .^Jdus pickup points ^ "A, B,. ■ ar^f C . 
V for taking^udentsV to. school in the town of Shady Hills* .A new s'^hool is 



" ■.' - ■ ■79' 
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to .be' -built' at one of tvo-' pos.sibie sites, X and Y. / Point A is two ui$les 
from X and four miles f rom, ^^fit: ;''.B three miles from X and three^jniles 
•from Y. C' is six miles /"rom '.X' ai^d. .€i'fl^;;miles frpm Y. '-200 students 
aire -picked' up .at . A,-. 25O' students fiM\'"Bj'- and 225 students from 'C . 
■•It is desired to choose the site which' wdll result' in the minimiim amount of 
travel to school. -by^ t^je town's student population. Which site is chosen?" 



. a 'ttf&le like the following and. fill in. the .missing entries. 




^\^^From 
To . 


A 


• B 




V r X ■ 


2. miles' * 






Y ■ 









Distance to X or • Y from A, B, and C. 



'Draw a table like the following and fill in, the missing entries. . 





^>s^rom 
To 








• 








■ • -»■ ■ ' 




X 




750" 















■ Total Student Distances • . ' A. 

(These entries are foun& .by multiplying the " 

distance from each .point to a site- by the 

numtlsr of students picked up at tha^ point.)/' . -. » 

Whi^ site, X ipr Y-^ was chpsen? Explain how you arrived" at your 
conclusion," ' * *■ -.-.r 



.length 



( Note ; The .student shou;i.d racogriize 'that 'cost '^J^.also minimi 2 ed,.:-in 
the solution, and thkt this kin4 of a model can be used to 
■ .. . represent* a ^riety of other situi^ions . ) ' . 

(Exercises k-6) .^^^ls there Jan inte-rest^ing relationship between th'e 
and width of the leaves . o^* a pa^*^icular bush or* tree?"''''" J 

The clads should select 20 - to 1+0^ leaveb -f roni a Single tree^for bush 
and measure the length . and. width of ' 'each leal : Record these data in a: 
table • "Measure the width by^ creasing -tfte. le nd, measuring the 



.grease. To get the crease put 
^he tip of the leaf on tl^e 
point where the stem leaves- 
the base of. thftfe-leaf and fold 
it. ' ■ ■ ■ 




^'^r-^ ^^is table, colimms, headed: the sum of the length and width,; 
L + W;, the difference, L - W; the' product,- LW; ' and the ratio, ^ . 
^alciilate thesa values iSoT each leaf, * ' ** 

^^^^ -^^^^^^^^ relationship which seems to exist between the 
^lengt^^ijji^idth of the leaves? l/ so, which coliomn gave you your 
infoilEtioh? 



[ '. ' ; ■ Exercises .l8r5b' ' : . 

■■■■ . ' ■ . ■ '., ■' ■ ■ ' , . ' 

Th|, following list represents the results of 100 throws of a die, 
grouped in' f Iveff-^or conveniendl. " .. '• 



1^3553 

^3253 
2kiz^ ■ 



W353. 
61)235 



r 

l>l66 
35335 
53263' 
26563- 



53213 
^65536 
33^23 
22532- 



6I1II2. 
21531 
21355' 



(a) Design a table whldh efficiently lists these data.' Remember that 



the 



.y^'cutcjaa^ are 1, 2,^3,;. k, 5, and' 6. 



(b) Use your talDle to calculate* the probability or r6111ng-a *i; 
a . 2; ■ a '3; a. k.; a -5; or a 6. " ' . vj,. . ^ , 



(c) ffow do the results of Exercise 2^.*corapare» with the- theoretical 
' probability, of rolling a' 1, .2y ' 3'^ ■ ^1^'^. ■ 5^ or ' 6?. ' ■ - 

Consider the following sequence of- sims *df odd numbefs':' (l), (l + 3)^ 
(1+3+5), (1+3+5+7), .-^ ' ' ■■ ' 7> ' 

. (Rememtfer that, the symbol means "and so on"f^ ' . ^ ' 

. • - -'■".* , ■ ■ , - 'a ■ 

. (a) Make a table* like the following "and complete the entries, - 



I- ' 


■ Number' of 

■ the te^tla"' . 


1 ^ 


2 ^ 


;3 ' 


k 


5 




•7 '] 


■ 






Value^of 
the term 


" 1 • 


\k 


9 
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(b) If the number of the term is 25, then wh&t is , the value the 
*xtertn? Did the table help yoii decide how to answer this question?' 

(c) If the value of the term is Ikk,- how many odd numbers are a elded 
together to get that sum? What wa's the 'last odd number, in the ' , 
indicated sum' for this' tferm? ' . , . ' 

■(.d.) • If %he nvmiber of thex term is represented by n, then .the >value 
of the term could be represented by what? \ , . ' 

Consider the following sequence of rational numbers. . * . 

fe^' ^1:2 ^1-2 ^ 2-3 3-^. 

(a J Draw a. tabJfe<3l:;i:Ke the following and complete the^ entri^,. 





Number' of 
the term 




2 


3' 


X 

■ k. . 

fx 


5 


; 6 




8 






Value of-. 
the term 

— 


1. 

2 


2 

3 • 

































■(b) Qiven that- the number of the term is 2i, Whatsis thi -value . .of 
the term? Bid your table heLp you decide how to answerAxhis 
question? ' * ' ■ ' ■ ' 

■■ ■■■■ ■ . ■ ' ' ■ \ ■■ 

(c) . If the number . of the term 'is . repriftsented by an integer n, , 'can 

you represent the value of the term? . 

(d) If the value of the term is what is the niimber of the.- term? 
Write the fraction representing' the last 'rational ■ number 'in this 
term. . 



18-6.* . Estimation or Guessfjg 

ilf^ tf^s section we w^H; to .^focvis . your attention upon the technique of 
arbitra^:^^ assigning realjd&m^ unknown quantities in a problem. This 

process has several ;advantjg^fe. . By using specj.fiQ numbers, you should be- 
able: first, to use the many tech^liques of computation and simplification 
already known for the real, nuMbers ; second/ to derive -some useful infprmation 
about" "how good," your estimate: is; end third,; to "gain some insight into how'' 
'the more fcJrmal analysiSj^oulS be ~ organized . The ability to create and to 

. • «>. • • - • ^ 

■ " ■ ■. ; --^ ■ , 82 • • \ '^ ■ ^ 
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interpret good, numerical models of problem situations " is an important skiii, ' 
to develop in 'problem analysis," . ' ■ 

Exercises l8-6^ " ^ yf^ - - ' ' 

• . • ('Class* Discussion) / ' ' " - ' . 

(Exercises 1-7) Suppose that we stretch a wire around 'the earth • 
the equator. Assume that a smooth sphere* of 'diameter 80.OO miles can bg^' ^^Sr* 
used , as a model of the earth. ■ If we cut the wire/ veld in another'piece > ' 
100 feetr-i^ohg, then hold the wire above the su3^ace so 'that it is the sanie'> ' 

distance above the. earth all the way around, how far above, the surface vili^'-^ 

22 '■ ■ ■ 

7 



the wire be? (Use ir ^ . ) 



Guess an ansyer and record it. Your first estimate is _?_■ ft^. 
Letr^s s£ie if. it Is too large- or too sm^ll. ' ^ . 



V/rite, as an indicated product, the cii*cumfer^nce of the ^ew ^ire 
circle, in f^ot; \ , ^ ■ , \ ' '"^ ^ ^> 



''}.\ ;;f'r?tiLl using^ur estimate, how'does the circum^ference of, the gew'wire 
circle pqiflpare with the -circumference of th(^-,original w^e c^-cle?/ 
Cjompare these two number's by subtra'^tion.' ' a - 

, 6. • V/liat should the diTference bo? . Was you^- guess too laf-ge or too small^?' 

■ . • a . , ^ , 

7.. • 'Unless you see how to work the problem directly, "revise youi> guess .,' 
, an'i. chock your results again. ;^ ' %. ■". : * 

(Exorcisos 8-11) . Olivgrr Bacon fat an<I his friend Shadow Jones race' 

3 s'riail is 8 miles per week. less than that of 

::nail requires 5 weeks to go.'the same distance' 

that Shadow^s snail goes in 3 - weeks, how fast does .each onai'l travel 'in 

-J . . ' 

miles pbr woek?» - . ' _ 




0^ 



% ' ■ r / 

.Represent the ■ c ircumference of the earth in miles' us ing« 80OO as*>the 
22 ' • ■ ■ 

diametei^- anrj' — -^for jr. Writ e^ an indicated product whifih will 

represent the circumference in feet. . (Remember the^ are . '5280y Jeet 
in one' mile.)/ ■ ^ ' ^" . ' y ' .^.y ' ' 

The diameter, in feet of the new circle c^' wir^ will ^e ' ' \t ^ 

(8000)(5280f +. (2) x"(your guess).. Draw a ,fipre' and show wh^ your 
estimate is multiplied by . 2 . . • ' ■ 



8. / •■ State clearly and concisely what each of the numbers 8, . [3, . and 
N '"J- " Topresent . . ' ^''^ 
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• Guess a value for the" speed of Shadow's snail.*' Your- gUess must •'be'' 
• greater than. 8. Why? . '. ?( • 

""Show how you would calciilate the speed of OliverVs snail, xising your 
estimate for the speed of "Shadow*^ .snail. . . 

Show how' you would calciilate the dXstan^e^ that Shadow's ^nail would ll 
trav^L in 3 weeks. Use your "gues^" for the spedifl 

Show how you would calculate "^he distance that Oliver's snail/ti^vels - 
■ in 5 weeks /!:'tjsing the result of Exercise 10. 

■ ' <f . ^. ,v ' ■■ ■ 

Reread the pro^^em. Do the s.nails travel the same , distance? * Are 
your .values for Exeitcises 11 and 12 the same? " Do you see a plan for 
finding a correct "guess" .which will make them the s ^^^ If so, 
explain your plan. If not, try another "guess" an^ 
repeat Exercises IO-13. . ^ . • * ■ ' 



^iSxercises l8-6b 

— % 




My room has a doorway whi^ti .is exactly ■ inches wide, l&^^^^fir. 

. fat uncle has a maximum^jsixcumference \ by tape measure arbUnd.;^:fe».:.5-:<-. , 
waist) of 72 inches. Can';he get into the room? (Use -'^ir « -:^Vf);i^" 

V • ' - . '^-y^'-^^-'^X 

(a) Estimate the diameter of the '" round ■uncl'o*'^* , 

(b) Check your 'estimate* to see if yoi^ get a:.^ircumference of 72;::.- . ■ 

I . -inches. Was your estimate too large o^i^pDO^ small? . , ■ '' , „ 

(c) Explain how to solve this problem. ■ ■. • ■ . ^- '■ ■ 



The radar'' operator on an aircraft carrier de.t'ei<M;S;pJi;^x>te 
directly toward the carrier.. He e?timates;'^i;d';:di;stan'ce to\ the ^90^ 
at lUOO miles , and" the speed ofJS^^phta.4i/^^ 
How long will it take one of ' tJajedSffe 



■ contact if it flies directly tdl^^l^^^ "c^ ^. 
hour? . ■ ■ ' . « V 

(a) Guess the timp, in hours, it' takes for the carrier^^'^^Jar^ to ■ ' 
•intercept the contaqt. ? ^ hours. '.■ ^' '. , - ^ 

■ ■ .'. ■ \ ' ' ' ^.■ ,;. ■ • \ ■- * ■ ' 

^^"(b) How i'ar. does the contact fly. in ,t he time t-hiat., you es.tj.i5iated? 

( . ^ - ^ . . ^.^■-' . M» ■•.:■■' \ 

(c) How fai* does the aircraft carrier pla-ne t'ly in the time y^u guess 



, yoii a'dd. the -t^o; distances you calculated . itf Exercises 5/ancl' ■'■ 

/ /6,. . tHen yhat", should ;tl^ 

, ' i'^},,: ^^^^ the' method ypu used in checking-' your ' * ^'• 

-SQiyV-ih^ probienr/;- (Write the ^raathetnaticai' sentence 
-■■;I7." ;'lrrv9XVed^.-) .r^ -.^'i^ ^ ; • ' . • ' ■ ' ' . - ■ ; - 

-The ;:edgei5;i3^^^^ ihches/ andTheir .voiLiimes' differ 

:.;*^y./j28^; bub^c- f^^ the ■dimensions of .each;', cube'. ■ ■ 

( a J Bs^J.tjiate ^ihe' l^^n^tYi pf^the^^ •:Oft;he; larger^ 

Si'^atQ":r^t]a^;^-c/r^^^ Why^-'*^' V ' 

••■.•{b*^^ -^e^(*ulate ilib^^le^^^^ edge: of .ih^^ using/your' • 

••^'^ f'F0J»''.5txerc*i|^ calculation/is ; 

ic) Calculate^^'^vc^i^ 
, ■ '\ result' $,r6CExep:ise 10^; ' v-^-'-; ■ ■ : 

Cd) Is .the -d^^jf^enbe betrw^ert^ 

tdo; larg^': Dr .^too' smil'?- V *' * 



■^'^^^ '^^^ V?^^^^' tpathem^^^ i'ke-iit^nces ' that .<wiir ; sery 

^ ■ . •asj^^deaf^>§f this situation,:' theru^!; so ^ 

'*e s t t e ■ ana rep eat' . Exer c i s e 's • 9-1?';. ' , ' ' ■ ' ' f)^- ■ ■ 

^ A scient^fe^lm^ designed a 'square: s 6^^^^ 3;. , 

'^^^^^^^i^-^.^i^^ ^°'^^'''^>^'^^'^ JHS^iiarge'^enough; in area, 'to ' 
"^^"^^^ to- opera.te one ■camera . In a, satellite . He now . 
wishes a batteiy. -which; i^ of the 

-first ^^^i^.:^^ cell... ^Vmat- shoul^^^ the length of .its • side,?. ■ 

(a) Calcul)??«rfeh^^ of thV'Origi^^ cell.* Doubl<fe this area 

to get^the Al*Q,a*.of. the new cell. : ' ' . 

t ■ « . ' . *.■■... . _ 



/(■'b) 



Eatimate the length of" the ■■$ i.de of the new solar cell . Using' your 
eatlmate, calculate' i;he;;a^^ cell. / • 

H^V ^ flld the result df . (^Kcompare with ;the ' calculated' value of 
the "area "^-n.Xb)?. (T^p^lar^^^ or too sm 



(d) ' ■ Revise your estimate of ''the" length of the. side of the cell 

^ ■ . • ■ ■ ■ • . , ■ ■ ^ 

and compare again,. Show your work. . ; V 

(e) bo you think that you can find an exact decimal value f oi*' the 
ler^h of ,the:side of the .n^w cell? If so, -sfiow'how. 



*■■■; \{f*)v';'P°'-^^ should >t)^?;"' 

' ■ \^iif^iSf^'-. wh^t- -yiv^ ' ^^-^^rV e s ■' t h^', c o TT^fk^' va-lue. . s e em t o. ."b e ? 

• . ' '.^ XeT'.''^^ s"#ft-tphce^'vhich , c 



^. . _ 

could serve as; ■model ". fo r- 



•V ... . , 



^^W^^ . . ...... 

■ .\. V •'V-iGen^ine^'pliiVGieTijsV i^Sjfeh'eir original form, are almost always .too 
;j.„ .• y 4ompliC^^;dVt^,'^1^^ Such piJoblems can 'of ten' "be solved • 

^ or'*a:riaI;^.i5eia^ the complications and. by 'constructing ; a ■.■ 

f ; >; mt h0<gat:i.GHl o ff^0 s irgple r , but. s imila r s it uat i on . One has 4; o. be cai re- 

. fcOnftlusioa«;fa^J*qu^ by such; a method, but it ' would be; foolish' to.M 



• reject ■;^c:)SJi$fee'^c/on^SK^ that might be/confirmed by experience' olr by more 



''^'.'"i'^'' '.''l *-.o*' ' ■6^'^?!^.'. V 



■ ' -^"^ • Exercises l8-Ta 

" \,: . 1 " 7 it' • • : ( C las s Di s cuss ion ) 



i What is'* -;the; longest line, segment that 'can be drawn 'in the interior 



' ■.l^^f^what is>:thy; 

tflr^ a^l^ne/ what is simpler figure Jihat would be related to a 
* • * ••-'l^i i'iiSpb^^fe?:' Draw the figure. ■ , - 



v\!":i''' '^•PS«''''^^^^^ point on the sphere 'to a different point on the 



■ Novi li'et's. pick an arbitrary point A on the circle-.( hopefully yo\i '• 
'cJrLOs e a . c i r c 1 e f n- ■'^xe r'c i s e *' 1 ) , ^^^^^ ra'C7~ar~(fiame t e-r t h rough p e nt e r 
^. ^P/'V to point ' B' on the 'circle. Do you think this is the' longest 
"^V " ^ /;^i^e segment that^an-be dsigj^ in the interior of the circ.."le? 

' '' ' . , ' ■ ' ' - a V ^ ' ' ■ 

3. "0 ^ Draw any ot'tier. line segment .in' the interior of the. circle' from A . to 

V. a, different point D on the circle. '.. • . 

* . ■ ■ 

' What is true about AC/- BC , . DC? ^ (AC + CB) and (AC+DC)? 



5. What Is true about (AC + DC) and" AD? 

r/ii 



" . • S, Can" you make a statemlent about a diameter AB and any other /l,ine - 

\ ■ . • . segment drawn in the interior of the*circle from point A? \ 

■ . . ^1 
7. Discuss how you can extend this analysis; to a sphere.- • ; . 

' ■' — : '—i^ 
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-Exercises l8-7b* 



.9 



."In ascertain- clothtnaklng- mill a very' high speed camera. took vario' 
pictures'-'of the fiber's as they sped through the mill machinery a 
each looked sbmething like the . fplLowing 





The problem' was toVietermine hoy Iqng- the fibers ■would be if . they were 
stretcl^d.out straight. It was necessary to know the length in order 
:^to adjtiGt and operate the weaving machines.- 'The mtherfeticj^ 
in to advise the mill suggested si)lv.ing this problem, 'is it a simpler- 
problem? 




If i. is - 1;2 inches and h is ,'.3 ' inches,, how 'long was the 
approximate length of the fiber? ' . ^ ' '^fe'V^ 

It is -desired to calculate the approximate ^volume of a man given Ifhe 
average thickness of his head, arms; truJik, and legs. Design a^del 
or a. man and calculate the volume^ of this' man given that the average 
thickn^ of^the head \.z ? ' inches,^ his arms 3 inches, his trW ^ 
10 iAches, and his- legs h -inches. Select appropriate dimensions ' 
of your own t^or .the lengths of each of the .parts mentioned above. 

^OCten lumbemon need to estimate how much lumber, measured a^ voludl" 
• of-vood, they can -get from a stand of trees. They can usi^lly get iJ^S' 
Tor each, stand or trees marked for cutting, an average height and 'an 
aVeragfe circumference,, measured at the base of the tree^. Itet kin^ 
•of^ a model would you recommend to the l^berman? If thd^ averaga^;^ 



height is . 80 feet and the average circumferehce was 20 feet^iow" 



many cubic feet of lumber w^ld thefe be in one-,tree, using' yi^^iir, 

■ Sugge,stGd modej.^? , . - ' 

■ \. . ' , ' ' * ■ ■ « ■ 

.Lumber-mill's also need^ to know the volume^Qf wood in the.^logs they 

p-roceGr>. PropoGti a good, model for this (problem. If the^Viverage 

. diameter of the small- end of the logs is 2^ irg^hes and th^ average 



length -is hO . ft,; how many cubVc inches of wood vould^tl^re be in an 
average log? Usually lumber is measured ^.n ''board feet", the volume 
o-f lumber in a* piece of wood in the form of a rectangular solid l' 
:l:r±n. by 12 in, by . 12 in, or'lUU cubif: . inches , Would this mean, 
ctfiat. it would be best' to choose a model of a log that was a rectafigular 
: ' •• so-lid? How many, board feet a^e t^re in an average log mentioned above 

■5.. • ' The new lawn of .a, large research corporation 'was bounded on the front 
by a. curved/^stro^t as in the following diagram. The company decided 
to 'establish t^e lawn^^'immedia^^ely by having^ sod placed instead of 
planting seed. The. -sod comes in long rectangular strips. To orS.er 
. the proper amount, of sod they" needed to know the';Hrea of the lawn. 
• If. the. sod ' comes in strips i't, wideband kO ft, long and the 

^ * • c^inienisions of the lawn are as given in the drawing, recommend a model 
■ whicfh will solve their problem, . ^. j . j 
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18-8, Using Basic Properties . 

The next* exercises illusth ^te a n important pha^e of. /'analysis in mathe- 
matics. This is the analysj.s of the, structure of any* system 'for basic 
properties like "clpsure*!jj- "commutativity" , and the like, • 




• You.hav^ already used- this process^- i^ther informally., as you have- : 
studied and- applied .,^athematics . For example: In the study of the ' 

measure of a^ea,. by intuitively establishing a functional relationship 
between the sefof plane geometric region? an'd the set of positive real 
•numbers, yo.u immediately have ^11 of , the techniques- and ideas developed ■ for ^ 
po^ve. real numbers available to help you think about areas of plane geo- 
metric regions. In other words, the areas, of plane geometric figures have 
the sa me^-basic properti es as the positive re^l numbers, and hence you can ' . 
fnt^rpret area^^ap^sitive real numbers whenever, convenient.' This' process 
.of using a known system with a known structure to ■ investigate ctkl analogous ■ 
systems is the basis for the early development' of algebra. It ^be shown 
-fhat the set of algebraic . expressions h^s exactly the same structure as the 
set Of. real numbers, and hence ell of the techniques, theoreras,^ atd the like, 
from the arithmetic of real number^are available for use in algelra. .. ' 

. Now consider the following^^ situation. ' ' ' 

• .. . . Imagine that,lin^he near future, you land with a space expedition 
. . on ModulusThree (t^e third planet of the star Modulus), and find a. 

civilization which is friendly and able to communica^^^jmh yooi,' On ' 
: this Planet th'e need for measurement of land has never arisen. H^nce 
: --^he need for numbers .may not have occuri>ed.^5J^'for one peculiar 
circumstance. ■ ' ' . ■ 

.. . This.;planet has a single moon which has a 'period of 'rotation of 
exactly (that we would call) three days. This has taken On ^stical ■ 
■■•aignifica'nce which, has. in tui;n led to the use of numbers as a record 
■ or the Moon's positlSnl They use the pecular number names /mon, tu, ■ 
wed., for these phases where w^ would use the words one, two, . ' 
three.. Since the phases of the moon a.re^ cyclic, their entire'counting 
, . aysteTH^'Uns moh, tu, wed, mon, tu, , wed, mon, tu, wed, - .etc., 
. ■ 2, 3,. 1, ^2, 3,.^,l, 2„. 3-, etc. ' 

Reccjntly .the need<^r. operations on these numbers has^'led to the • 
' development of. arithmetic^ addition ^nd multiplication along the same 
. .lines as theydid for us. except .^^that, due 'to the n^-sti6al background, 
the Inventions of any Compounds. 'through the . use of "bas^e" or "place- 
value" has been strictly forbidden. -.(The Modulians ha^e now recognized. '. 
- the nefed t'or an algebra for their number, system and you have been asked 
tohplp. It will now.be your job" to ana.lyzeehair numb'er . system and 
develop a. primitive a.lgebm -necessary _ for the\olutlon of some '.simpTe. ' 
, dquc|e..(3n3 in their system. ' ' ' . . 



•The .tables for the arithmetic', facts developed so far are as ^ 
follows : , , 



3 r 



1 
2 

3 



2 



., jExercises l8-8a 

* ■ .. ' (Class . Discussion) 

' Using the qualities which are.^either ^evident from the tables, or are ■ 
suggested, by the 'exercises , complete 'your analysis of the .Basic Properties 
of this system. - ' • ' 

1." - Under does the system, have: ^ , , 

(a) Closure? . , , ' 

(b) * Comutativity? . ^ ' ... 

' , "(c) Associativity?, Is ' ' ^ 

. . ' • . (1)- (1 + ixt 3 = 1 + (2 + 3) ■ ^ . . • 

V (-2) (1 +• 2) + 2,1 1 + (2 + 2) ^ 
* ..." ^ * . - 
*. V' .(3) (1 '+ 3) + 2 1 1 + (3'+ 2^ : : _ 

. ■ ^ (h) (2 + 3) + 2 I 2 + (3 + 2) ^ . ■ ■ ' 

An^identitylel'ement?^ If. so,* what is. it? , 

^(e.) • An additive inverse for each element,? Using ^ "a "to reprej'ent . 
the inverse surch that' a + "a = thp additive identity, v/hich'of 
the additive inverses 'exist? . 



^2. 



Under 



1 = ?, 2 = 
does the system have: 



'(a) Closure? ' ' , , 
(b) ' Commutativity? ' 
* ^(c-)^ Associativity? Is 

(1) (1-2) .3 = 1- (2-3) 



90- 



93 



.. X2) (l-a) .-2 = (2-2). ■ •. 

(3) (1-3) • 2 1 1 ..(3.2) ■. •. ■ ' • 

. (k) (2.3)' .,_2 I 2 (3-2) , , t • .' 

(d) • An.- identity element* ' If so, what is it? ^ - 

^(e) A multipl-icative" inverse for- each element? ' if we Use :1~ 2~ 
.'.^ •'3~; to represent the inverses/ show which of the multipiicative 



inverses exist,, • 



-'- ^ v> 3 - ? (In other words,- for each' 

.. -number, a, in the system is there a unique . numoer a~ such 
'that a •■ a~ = multiplicative identity ?) ' ■ . 

Is."-" distributive over from' the right? From the left? ' ..^ 

(a) 3 - (2, + 1) I 3-2 + .3.2, , (d) (2 + 1) . 3 .1 2.3.+ 1-3 . 
Cb)^ 2 (1 + 3) '2.1+2.3 (e) (1 + 3i,- 2 2 1.2-V3.2- 

(c) 2 (2 + 3.) 1 2.2'+ 2.3 (f) (2'; 3) 2 I 2.2 +;3.2 ' ' ' 

■Does the structure of this .system'seem to be the same as the structure 
of the rational number syS't^? 



.. • • -If this system->has all of the above,; properties, then: .ce can usfe the 
fcechniques.,we have^ 'leveloped for" the .-rational number system- to create equiva- 
lent equations in simpler an4 'simpler forft until the solution' set becomes '.' 
obvious. ; : ' .' . . ' ' \\ ' - , ' ^ 

:&cani£le:^ Fina the' solution -pef of s-x -f 1 . 3 ' the Modulus ' 

^ ^ , Three System arKl' explain your steps in termS of the ' . ' 
, * • ba^jic' properties of ^he Gystern. ' , 

"'^ ^ " ^ / . * - ■•Adding.,-^ ^ to, both sides 'of. the, eqiia-.' 

* . 2-x + (1 -f- 2)'"== ('3 + 2f) tionl was^cho^seij because. 2-. is 

" ' ■ " th^ adaftive inverse' •of 1. ■ ' 

2 . X + . 3 . 2 ■ M "... \ ■ t ' ' 

. Pl^s its irWers^ is thr^ddi- 

■ ■ . ■ ^f. ■■ ^tive identity. ' \ ' 

• V ^fl ■■ . '-^i^*. 3 is *'added »tQ^iany numb'er the 

. . result ' retains «»th'e ■eame.' since j is. 
: I ■ the* additive .id;entity for' this; system. 
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= 1 



Multiply -bQth sides of the equation 
by- 2. Two was chosen becajise it, is 
the" mizltiplicative inverse of 2. 



Solution Set: (l). * 

4 . • ■ I 

Of course, • some of ^these steps can be combined or shortened, but 
remember, it must .be clear .to 'someane el?e .why you have solved the' 



equation the way you did. 



Exercises l8',8b « ' 

Solve the following ^equations in the Moclulus Thtee System and/ . ■ ' ; 
explaiTi your work so that the Modulians\could- see that the basic, properties 
• of their number system were tfe.ing used. ' s^' • ^ / ,; . , ' , 

1..; X +'2 =r 1 . ■ ,. ' ■ • ./ V /. ;vs'/: 

3.3 X + 2 =. X • "■ ■ 

■h. 3-x + 1 = 2 . . ' ■ " . ' ^ ' . \ ■ 

5. ' ' ",(.2x + 1) + (x. + 3) = 2 ■ . ^ . 



18-9 • Using Reasoning Technique^ ^ * • ' , 

.Mathematics is a way of thinking, a- way of reasoning. Some" of mathe-*^ 
.matics Involves experimentation and oDseryation, but. most ^ of mathematics is- 
concerned. witri deductive reasoning .. • ' , 

. . By 'deductive reasoning we show that fronf certain,, give.n contjiti'ons, :a< 

.definite cohclusion necessarily follows. Mathematicians use reasoning ..of ■ 



reasoning 'they prove that- if sTDm^thing j^s true, then something else must be 
true. You c^n oi'ten 'finA all the *^ifferent ways"^ in vhich a problem can be 
.solved .and sometimes, you can show by reasoning that a prpblenf.has po solution. 
Th"? following example^ provides a 'simple illustration' of a 'reasoning' process. ., 



Exanrple : . . Suppose', thit there are thirty pupils in your class room. 
. .V . Prove, that, there are: at least 'two. them who have- 

(l).'. imagine' .12 •.:boxi^s with the^^natoes^ of the months on- them. • 

;-(2.).-'^Itna'6±ne slrUdent^s; -name- is vritt'^n^ on a slip of. paper 

. -■■•- /along vl^ . \" 

(3>', ,If only one slip of i^aper'is 'put in e^ch. bOx,^then ^l^efe qbnld^ 
not be more than -IS ^haigee^dn all. ..^ - • ' ' 

• (W-Sidice thare.are:^36 '.r^ir^: then' a^' leSst "bne box must Contain. 
^ .more than one "name. ■ " /■ 



^ ^ ■ Exercrises 16- 9a .: . . 

• * /• ! V (Chlass' Discus's ion) ■. . / ' , ' . 

i,By a .Similar reasoning 'pri>qess, show. th^t kt legist' trhree ^members of 
'^the GliEfps-^b-f 30 students must hav^' fcrthdays in -the same month. • 

How -giany students' would 'them to be In -grd^er 1;o ■ guaranteop^'that 

^ at least ' studentg^Vould havV-itilrthdays in' the same mdnth? * ' ' 

'I^^^'^Aloving Proble^^ irilistrate the ; very helpful process of ' 

indirect rea^ oiling. ' ' ; ;-■ . ' ' ^ 

' .-■ ■ • 

■\ ^" Q'.i'e positi-ve .integers,' if- -a > is a - ^ 

V- • factor of b^ and if : a^ is oot a factor of*, c,. '.then ' I 
«;-./:a is ■ not a factor Of + . c )'. / , * 

■ ' '■• ' ■■^>-^.»^ ■' I'l ■ ■' • ' ' •■ / ' ■'■ 

"Let'^s investigate .this &£atement. using ■a'='*2.* * . 

(a) 2 as a faJ?pr''of 33 ; |a|^ not a factor of 2m.* i;s 2 \ 

' a- facto^f • - (-32. + .27)? -f^po you. ^^nk' the above-statement about 
/. ■ : ^/'."^■y and c- ^is true .oi-. false?- Let's, continue ar;sl justify- " 

, • ^ your 'concCLusiQn. ■ ' ' - • ' . ' * 

. ■ . ■ • ■ .■ J. ', ' . ■ ■ ■■' ■ , ■ ■ . : ' ' ' r 

(b.^ .Jf*' 2- . i^. a" factor Of a positive integer b , 71then -this means • 

that 'b. = '(?)p^ . where.. p is a positive integer. .. 

•v ' ^ ' ■ • 'o ' v'' . ■ • • "'o ■■ " V 

(•^l.;.' " i^' not a .fg^^tgrof the^psitive integer, • c^ .'then this' 

. ^ miealis -that -c'^^^i?), ■ * . ' • ' ' ' ^ * * 



-(d). Lett's as Slime ttet" * 2 • . is a 'factor of .(b + a)A "/(EhiV m^ans, that 
(?)./a)/' wh^re q is some positive Integer'; "ff this 



b +^C' 



asstai5)tlon^is. false, thferi^l^/^ho^Ld, lea^^o " v -^f 

a known- f Act about. ■ a, • or \c . ' , • ; . *- ■ 

(e) We. now have 



and 



get 

* * o. 




b . = 2p, 

b + c = 2q, Repla^lm^ b by 2p^ we 
2p. + -c =-'2q. ; Suljtracting (2p) from botlj sides, 



we .get 



■ ' ■ ' / >c ^ 2q^- 2p. Simplifying by -use of the dis- 

tributive property we get ' . ' 

' - , . V;v c'= 2(q - p). " ' . , 

This last sentence means* that 2 is a ,? ■ of c, since 

i • • ■ - ■ ' ' • ^ ■ . ■ 

(<1 p) is a positive integer. ' ' " 

(f ) Since the atJbve statement contradicts' the known fact that 2 is 
notfa factor, of c, we can conGlUde that 'our assumption," part 
(d)', ^Ls false. .Hence the. correct conciusion is tha% 2 1^ 

• ? ♦ a factor or (b + c)l ' (Of course, a cpmpletely general^ 

• - ■ . . f 

proof can be made by replacing 2 by a wnere is a 
positive initegfir.) « . . 



- Exercises l8«9fe • . 

, ' " ' ■ 

Show clearly the reiasoning process necessary to 'solve the following 

problems. . ■ ■ < , .; ' . • 

■ ■ ■'■ '"^ -^^ ■ V ■ . • ^ 

1. .What. is the least numberi^ students that could be enrplledjin- aV 
v^; school so that^ you co^iid be sure -that- there are at least t s lj*udeti<^^^^^ 
with the same birthday? ^jfj^ijej? day, "and siatne month)' 



2. ■ ^What is- the largest number of students that could be enrol led in a' 
school so that you- could .be ""sure that they all have different 
. ■ birthdays? " • ■ - * ' ^ ' • ■ 

3.. V/ In- a class, of 32- students various committees are to be formed. 

Np. student can be on more than-^ne cetmnittee. Elach' committee *^on- 
t€i,ins "from 5 to 8 students . ^/hat is th ft larges t^ numbar' of 
conmiittees that can be formed? ' * . 3^ * 



9V . 



vv;. 



*if,.:' . What is the. answer to Exercise 3 If" every student can te' on either ■ 
V; 'one or tVo. committees?. 

5,i;v . A, checkerboard has 6k ■ squarefe. Suppose ^,t hat you have 32 cards 
and each . card cover a/ two checkerboard squares exactly. If you cut 
off two squares, one at each end of a diagonal^f the checkerboard, . 
• and throw away one card, t/hen is it possible. -place the 31 
, • . rt'.emaining cards on the board so that the 'remaining 62 check^erjDoard 
•j , ■ •"i'lsquares- are covered? Show I^gw to do it, or prove, that ■ ft .'is 
'. I . impossible. , , . ' - 

« » 




(j Suppose .that .you select three cards from A dpck, t^^p \)lack cards and 
ojfe red c^rd.. A game "is' played by two people. The cariis a^e shuffled" 
and one-card is placed /face. down in front pf pach placer and one 
.between them. Bach player then looks at- his* card and' the f irst^ one ' 
to identify tha Color of his opponent's card wins the game. . Explain 
tihe' reasoning used in deciding the best.meihod of 't)laying the game.' ■ 

. You re'member that a prime number, is a positive whole number, greater 
than 1, which cannot be^ written as* the produ.ct of two smaller 
'factors. The first few primes are 2, 3, 5,i 7, 11, . ''l3,' 17, 
19, .23, * 29jj 31. 37,. "^^m It's easy to see that this sequence, 
does not follow any. .simple, law. ' I^n fact," the structure of the sequence 
: ' " turns out ^o- be extremely cc^^licg.ted. 'However, the question, "Does 
the sfeq^ence of prime? eventually end?" jjsan be answered. 

\ r ' . . ' ; ' ^ ■ - ■ ■ 

(a) (2 3) > 1 Is 2, or 3 ya Factor of the result? 

■ • ' " _^ . ■ Why or why not?, . * 

^ J -■' ' ' 

(b) (2 ' 3 : 5) + 1 = ? ra 2, 3, or 5 a factor of the 

■ ' ... , - result? Why or why not? 
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■ ,*. Is 2, . 3, '5, . or /-.7. . a. 'factor 
• / of the.. result? . Why* or why notY- 

? Is 2, 3,* 5, ,7, or 11 a .- 

■ 1. ■ ■ ■ 

factor of the resist? Why or why 

not? . ' . \ 

.. p) + 1 =^N,-,. where ' p-^ is supposed ; 
'•to be 1;he largest^rime in the.sequence of primes from'"'2-. to p. 
■ "TftHTany- of the primes in this sequence be a factor of N?» 
Why or why not? \ ' 

\ ij) .TeX\ why N , is a prime greater than p^- or has a [prime. faT5tor 
. . gipea-ter than p. ' In either case.; a prime great^ than p has 
""^^ih been \ found. ' This means that no matter how large p Is there i' s • 
* V ' always a pr:^e grea^ter than 'p.^ In^other wDr(3[s, the sequence of 
• . ' primes continues ihcP^fifiitel^ 



ieriviJifl 




V 

18-10., Sigmgary - V . • i * 

'-' "There a-a:*e several overlappli;ig problem anal^Ks techniques ^icl:^ we 
havje studied in; this chapter. ^ They are': - \ 

^ (l)' Translation ; Assigning convenient 

■ represent various parts of the . pyoblem*. 

. . ^ (2) . Cfrganizing infomjfbion .in tables ; Arranging d)rta'io''an orjganized 



m^an,ingful- symbols *:&o 



ng' iadditlonal information -from thp table. 



' fbrm and-^ei 

\i) Picturing relationships ; Organizing inrormation'through* -geometri" 
representiati'Sfts/of the problem s^ituation. , * ' 

X^) Analojpr : • Con^i^lfig p'roblem situations wi^th other sblVed or 
understood problems- *tha^t have, the same or SQme similar ^ 
characteristics or lookiftg f^- bas^c s1;ructural .propertiffes 
• ill the problem situation. , • ^ 

(5) O^ng functions ; .Looking foV the underlying functional relatipn- 
.' : slkps 'in the problem situation an^ ,cl4arly identifying- J:hese 
re]\tionships. ' This technique was ' noti ti^eated separately, but 
■■* ■ vast evident In most of the sections,. . ' ' *• 

• • . ■ ■ .. . •'..'». ■ ■ • .. • • ., ' • 



.:($)» Estimation ; Jjissigning 
V take' advantage of the 
developed for the real 

,; ( TV/ Reasoning ; Using estabiishe 
determine additional specific 
\ situation. 




glVenf problem situation to 
^es ^ ar^d: tecl^iiques. Already 

f logical reasoning to - 
tion .about the f^oljlem 



■ . . • Of course this list does-^ot includ^£aT.-l of the<i;eossljb3.e analysis 
ta^hniques, but ijt will serye as a bas'i'cT.ijmfe^which should be refined and 




nded as you 



eyelop your ovn prob/Lem sH5p||5^g strategies. 



In addition to. the sp^iMc tpckniques f«r ^ix)blem analysis studied 
in this chaptey,|you shoiild lalso*^ develop ^some goQd attitudes about • problemr 
analysis^ " / j ' ' 

(l) - Be Villing ^to* spend somel[^;Lme> just thinking about and 
- e'xperimen^ng witH a problerail^l^uation. 



.(2) 



Learn to be flexible in 
lufUsual or ^ 



(3) 



•ur approach. Be^willing to tiy the 
arre approaJih in ,spme situatio^.y 



r 



Be; willi]jg to improve your^technicmes . p)r .communicating .your 
mathematical ideas to yours^lT and -^q. /others. ^ 



{k) D6n*t' be discouraged if all .|>ii#blems are not solved pr analyzed 

■• N' I ■ " • ■ ■ ■ ■ ' 4 

. . ip the same^way. Worthwhile problem situations often' times 

. j/io^cur i*n uausual ,ci};;cum6tancesl . - ^ 

■ ' ■ * * ■ " W ■ *■.-". ■ ^ , . ■ 

<• Problem analysis is one of the ma jol activities which concerns all of 
thos^f who study, le»sm, and use mathematics! Problems are solved in mathte- 
matics both to. ^xt§nd and develop new \^d 1 
and^to heit'soiye and interpret problems t" 
tions, including soile that appear to^ be qui 
mathematics. 

Stifle important techniques for pro 
1 ^ • . k ■ ■■ i 

in this chapter. You should realize by 

'probably not » be used irt \^§olation, . but 

by you, which 

solve tSroljlems J 



lortani/ parts of mathematics,' 
)ccur in "many diiffe rent sit 
!e unr$lat^ to €he field bf J 



rill use a collection >pf tlj 



bl^ analysis have been iy.ustrat'ed ' 

that tlvese techniques ■ will 

^ ■ ■ « ■ 

an approach should be- devel'ojJed, 
elp you analyze and . 



ise ■ skilla t 



.tp>|ie 



t 



